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THE THIRTY-FOURTH ANNUAL MEETING OF THE 
AMERICAN MATHEMATICAL SOCIETY 


The thirty-fourth Annual Meeting of the American Mathe- 
matical Society was held at Nashville, Tenn., Wednesday 
and Thursday, December 28-29, 1927, in conjunction with 
the meetings of the American Association for the Advance- 
ment of Science and the Mathematical Association of 
America. The headquarters of the mathematical organiza- 
tions was at Ward-Belmont College. The meeting of the 
Society opened on Wednesday morning with a general ses- 
sion at which Professor James Pierpont delivered an address 
entitled Mathematical rigor, past and present. This address 
has already appeared in the January-February issue of 
this Bulletin. This was followed by sectional sessions: in 
the morning (i) Algebra and (ii) Point Sets and Foundations, 
and in the afternoon (i) Geometry and (ii) Analysis. The 
Gibbs Lecture was delivered on Wednesday afternoon, after 
the sectional sessions. Thursday morning was devoted to a 
general scientific session, followed by the annual business 
meeting and the election of officers and members of the 
Council. On Thursday afternoon was held a joint session 
of the two mathematical organizations and Section A of the 
American Association for the Advancement of Science. 

The joint dinner on Thursday evening in the dining room 
of Ward-Belmont College was attended by about one 
hundred seventy-six mathematicians and their friends. 
Professor Archibald Henderson was toastmaster. After 
some general remarks on the significance of this meeting, he 
called for speeches by President Snyder, Professor Slaught, 
Professor Jewell C. Hughes, Dr. C. F. Roos, Professors 
Winger, R. L. Moore and Coolidge. 

At the business meeting on Thursday morning, a resolu- 
tion was adopted to put on record the “deep appreciation 
of the cordial hospitality and efficient services of all those 
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concerned in making this meeting of the Society an excep- 
tional success.” 

Thirty-four states and Canada were represented among 
the members present at this first general meeting of the 
Society in the South. The total number registered was 
nearly two hundred; the attendance included the following 
one hundred forty-five members of the Society: 


Akers, F. E. Allen, R. B. Allen, Anderton, R. C. Archibald, Ashton, 
Atchison, R. W. Babcock, Barnhart, W. S. Beckwith, William Betz, 
Blichfeldt, J. D. Bond, Bowen, Boyd, E. W. Brown, Browne, H. E. 
Buchanan, Burington, Cairns, Carmichael, I. S. Carroll, Coleman, J. T. 
Colpitts, Coolidge, A. H. Copeland, L. P. Copeland, Crathorne, Dale, 
H. T. Davis, Denton, Doak, Dostal, Dresden, W. W. Elliott, G. C. Evans, 
G. W. Evans, Finkel, L. R. Ford, W. B. Ford, Fort, C. A. Garabedian, 
Gehman, J. L. Gibson, Hardin, E. R. Hedrick, Archibald Henderson, Herr, 
Hess, Holder, Hosford, A. M. Howe, J. C. Hughes, Huntington, Hyde, 
Louis Ingold, Ingraham, Dunham Jackson, C. G. Jaeger, E. H. Jones, 
B. F. Kimball, Kuhn, E. P. Lane, Larew, Lasley, Latimer, Harry Levy, 
F. A. Lewis, Luck, Lytle, MacDuffee, Mackie, Maddox, Maizlish, William 
Marshall, T. E. Mason, May, Messick, Michal, D. C. Miller, G. A. Miller, 
Mirick, Miser, U. G. Mitchell, Molina, C. N. Moore, R. L. Moore, Richard 
Morris, Morton, Mossman, Neelley, Olds, Oppenheim, Ore, Osborn, Ott, 
Palmer, Pierpont, Rainich, Rasor, Rawles, Reinsch, C. N. Reynolds, 
R. G. D. Richardson, Rider, H. L. Rietz, Risley, H. A. Robinson, Robison, 
Roos, Safford, Sanders, Sarratt, Saunders, J. H. Scarborough, Shaub, 
Sheffer, Shirk, Simmons, T. M. Simpson, Slaught, Smail, C. E. Smith, 
D. M. Smith, I. W. Smith, Virgil Snyder, R. P. Stephens, Stetson, Stouffer, 
Tappan, Waddell, L. E. Ward, Warren Weaver, W. P. Webber, G. T. 
Whyburn, Wiener, Wiley, K. P. Williams, A. H. Wilson, Winger, Frederick 
Wood, F. L. Wren, Wunder, J. M. Young, Yowell. 


At the meeting of the Council, the following organization 
was elected to sustaining membership in the Society: 
The Penn Mutual Life Insurance Company, Philadelphia. 
The following thirty-five persons were elected to ordinary 
membership: 


Dr. Pedro Manuel Arcaya, minister of interior relations, Venezuela; 
Miss Alma Bridgers Bizzell, Louisburg College; 

Professor Edward Livingston Carr, Union University; 

Dr. William Fitch Cheney, Jr., Tufts College; 

Mr. John Alston Clark, Princeton University; 

Lieut. George T. Derby, Corps of Engineers, United States Army; 
Mr. Joe Lee Dorroh, University of Texas; 

Mr. Nat Edmonson, Jr., Rice Institute; 

Mr. Joseph M. Feld, Columbia University; 
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Mr. Alfred Leon Foster, University of Valparaiso; 

Mr. Francis Chauncey Hall, Rutgers University; 

Professor Lena James Hawks, Ward-Belmont College; 
Miss Deborah May Hickey, Rice Institute; 

Miss Fannie Hopkins, University of Wisconsin; 

Professor Charles Angevine Hutchinson, University of Colorado; 
Mr. Harold John Kersten, University of Cincinnati; 

Mrs. Mark Kormes, Hunter College; 

Miss Ona Kraft, East High School, Cleveland; 

Mr. Lloyd Lincoln Lowenstein, Cornell University; 

Mr. Francisco Aniceto Lugo, electrical engineer, Maracaibo, Venezuela; 
Mr. Edward Roy Cecil Miles, Rice Institute; 

Miss Ethel Isabell Moody, Wells College; 

Dr. Auguste Adolphe Nouel, Caracas, Venezuela; 

Mr. Alexander Oppenheim, University of Chicago; 

Mr. Henry Howes Pixley, Rutgers University; 

Professor Luis José Fernandes Ribeiro, Pernambuco, Brazil; 
Mr. Howard Lester Schug, Cornell University; 

Dr. Stefan Serghiesco, Columbia University; 

Mr. Leslie Donald Shriver, High School, Charleroi, Pa.; 
Professor Charles Eugene Shull, Bridgewater College; 

Mr. Ivan S. Sokolnikoff, University of Wisconsin; 

Mr. Charles Chapman Torrance, Cornell University; 

Mr. Franklin Grandy Williams, Cornell University ; 
Professor Rose Belle Wood, Greenville Womans College; 
Dr. Oscar Zariski, Johns Hopkins University. 


The following were elected to membership as nominees of 
Allyn and Bacon: 


Miss Mary Virginia Kenny, Hunter College; 
Mr. John Henderson Roberts, University of Texas; 


as nominees of the National Life Insurance Company: 


Mr. James Mayberry Earl, University of Minnesota; 
Mr. Eli Gourin, Columbia University; 

Mr. Neal Henry McCoy, University of Iowa; 

Mr. Walter Lee Porter, Rice Institute. 

The ordinary membership in the Society is now 1758, 
including 166 nominees of sustaining members and 81 life 
members. There are also 36 sustaining members. The total 
attendance of members at all meetings during the past year 
was 690; the number of papers read was 404. The number 
of members attending at least one meeting was 452. At 
the annual election 252 votes were cast. 
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The reports of the Treasurer and of the auditors (Mr. 
S. A. Joffe and Professor H. W. Reddick) showed a balance of 
$3608.67, exclusive of the balances in the Bulletin, Transac- 
tions, Colloquium and special funds, and of the life member- 
ship reserve. The Society’s Endowment Fund now has 
securities of par value $67,000, yielding an annual income 
of $3125; sustaining membership fees for the year amounted 
to $4600. The amount received from sales of the Society’s 
publications was $4831.57. 

The Board of Trustees did not meet at Nashville, lacking 
a quorum. At the adjourned meeting held in New York 
City, January 2, 1928, they adopted a budget showing esti- 
mated expenditures and receipts as $29,839.95 and $28,846.66 
respectively. 

The Librarian reported that the Library of the Society now 
contains 7548 volumes. 

At the annual election, which closed on Thursday morning, 
the following officers and other members of the Council 
were chosen: 

Vice-Presidents, Professors H. L. Rietz and J. W. Young. 

Secretary, Professor R. G. D. Richardson. 

Associate Secretaries, Professors Arnold Dresden (one 
year) and M. H. Ingraham (two years). 

Treasurer, Professor W. B. Fite. 

Members of the Editorial Commtttee of the Bulletin, Pro- 
fessors D. R. Curtiss (two years) and E. R. Hedrick (three 
years). 

Member of the Editorial Committee of the Transactions, 
Professor H. H. Mitchell. 

Members of the Board of Editors of the American Journal 
of Mathematics, Professors E. W. Chittenden (five years), 
A. B. Coble (four years), and G. C. Evans (three years). 

Members of the Council, Professors W. B. Carver, W. C. 
Graustein, Louis Ingold, F. D. Murnaghan, and W. L. G. 
Williams. 

The tellers appointed by President Snyder to count the 
ballots were Professor A. B. Morton and Dr. R. G. Archibald. 
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The following appointments were reported: to represent 
the Society at the inauguration of President Burgstahler, of 
Cornell College, on Friday, November 18, 1927, Professor 
H. L. Rietz; to represent the Society at the American Mining 
Congress held in Washington, December 1-3, 1927, Dr. 
W. D. Lambert; as Committee on Arrangements for the 
Summer Meeting of 1928, Professors T. C. Esty (chairman), 
Arnold Dresden, W. A. Hurwitz, H. L. Rietz, A. H. Sprague, 
and J. W. Young. 

At the meeting of the Council, Professor J. L. Coolidge 
was named to succeed Professor L. P. Eisenhart as one of 
the three representatives of the Society in the National 
Research Council. Professors Arnold Dresden and Tomlinson 
Fort were continued for 1928 as the representatives of the 
Society in the Council of the American Association for the 
Advancement of Science. As the committee on the award of 
the Bécher Prize, which will take place at the Annual Meet- 
ing in 1928, the following were appointed: Professors E. T. 
Bell, R. D. Carmichael, and Solomon Lefschetz. 

The fifth Josiah Willard Gibbs Lecture, entitled Resonance 
in the solar system, was delivered on Wednesday afternoon 
before an audience of 280 persons, by Professor E. W. Brown, 
of Yale University. It will appear in full in the May-June 
issue of this Bulletin. Professors M. B. Porter, Tomlinson 
Fort, and Solomon Lefschetz were appointed a committee 
to recommend to the Council a lecturer for 1928. 

At the joint session of the Society, the Mathematical 
Association, and Section A, held on Thursday afternoon, the 
following papers were read: 

I. The notion of probable error in elementary statistics, by 
Professor E. V. Huntington, retiring Vice-President of Sec- 
tion A. 

II. The human significance of mathematics, by Professor 
Dunham Jackson, retiring President of the Mathematical 
Association. 

III. Some philosophic aspects of mathematics, by Professor 
Arnold Dresden. (Address delivered at the request of the 
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American Mathematical Society.) This address will appear 
in full in an early issue of this Bulletin. 

Titles and abstracts of the papers read at the regular ses- 
sions of the Society follow below. On Wednesday morning, 
President Snyder presided over the general session and the 
Section of Algebra, and Vice-President C. N. Moore over 
the Section of Point Sets and Foundations. On Wednesday 
afternoon, President Snyder presided over the Section of 
Geometry and during the Gibbs Lecture; Professor H. L. 
Rietz presided over the Section of Analysis. President 
Snyder also presided at the general session on Thursday 
morning. At the joint session on Thursday afternoon, Pro- 
fessor Dunham Jackson, chairman of Section A, presided, 
relieved during the presentation of his own address by 
Professor W. B. Ford, president of the Mathematical As- 
sociation. The papers numbered 1—9 were read in the Section 
of Algebra, Nos. 10-20 in the Section of Point Sets and 
Foundations, Nos. 21-37 in the Section of Geometry, Nos. 
38-53 in the Section of Analysis, and Nos. 54-70 in the 
general session. The papers of Frank Ayres, W. L. Ayres, 
Blumenthal, Browne (second paper), Camp, Campbell, 
Coble, Curtiss, Foster, Franklin, Hazlett, Hollcroft, Kasner, 
Mathews, Oppenheim, Ranum, Roberts, Roth, Sheffer 
(third paper), Veblen, Walsh, G. T. Whyburn (third and 
fourth papers), W. M. Whyburn, and Wilder were read by 
title. Mr. Holt was introduced by Mr. Burington. 


1. Professor D. R. Curtiss: A class of diophantine equa- 
tions with bounded positive integral solutions. 


The equations here considered have the form F(1/x;, 1/x2, + + +, 1/xn) =k, 
where F is a polynomial with positive integral coefficients and k is a positive 
integer. Every such equation is shown to have only a finite number of 
positive integral solutions, or no such solution. The proof consists in estab- 
lishing an upper bound for each x. This proof also applies to certain equa- 
tions in which the right hand side involves the variables x. An interesting 
corollary is the proposition that among the equations x"—aix""'+a2,x"~* 
— -++-+(—1)"a,=0 all of whose roots are positive integers, there are only 
a finite number (if any) whose coefficients satisfy a relation F(a;:/dn, 
@2/Gn,* * *,2n-1/€n) =k, where F and k are as defined above. 
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2. Professor Olive C. Hazlett: Note on formal modular 
invariants. 


In a recent paper in Liouville’s Journal, W. L. G. Williams proved a 
number of theorems to the effect that all polynomials of a certain type in 
the coefficients of a binary cubic f (with binomial coefficients) are formal 
modular invariants of f modulo p, where p is a prime. The use of 
binomial coefficients makes his proofs not applicable when the order of 
the form is such that any of these binomial coefficients is congruent to 
zero modulo p. The present paper proves these theorems and a more general 
theorem which includes all of Williams’ theorems as special cases for the 
general Galois field GF[p”| in which p is any prime whatsoever and there 
is no restriction on the order of the binary form. 


3. Professor Olive C. Hazlett: Algebras A defined over 
an algebra B. 


This paper considers the theory of an aigebra A defined over an algebra 
B, where B is an algebra defined over a field F. After proving that the only 
case which has any general significance is when B is semi-simple, the paper 
proves that Wedderburn’s fundamental theorem for a linear algebra over 
a field has a precise analogue here. Moreover, if an algebra A* over F 
can be regarded as A over B, then the canonical form of A’ over F is equiva- 
lent to the canonical form of A over B; and thus the central results of 
Wedderburn’s beautiful theory of a linear algebra over a field F can be 
translated into the analogous results for a linear algebra over B. 


4. Professor Oystein Ore: Arithmetical theory of Galois 
fields. First communication. 


This paper contains the fundamentais of a new arithmetical theory of 
Galois fields which derives the ideal properties of the field directly from 
the defining equation, as in the author's theory of general algebraic fields 
(Mathematische Annalen, vols. 96-97). It is proved that in Galois fields 
the complete system of residue classes for powers of prime ideals can be 
obtained by successive adjunctions of roots of binomial and trinomial 
canonical congruences. By this method various new results are obtained; 
in particular it is shown that the Hilbert metacyclic groups for the prime 
ideals have a very special structure. 


5. Mr. L. M. Blumenthal: On the definiteness of a quad- 
ratic form, with an application to the roots of an algebraic 
equation. 


By mathematical induction and the use of a well known theorem of 
Sylvester, the author obtains the necessary and sufficient conditions that 
a real, algebraic, quadratic form be definite. By writing the ternary form 
2e?a4jx;xX; as a quadratic in x, it is shown to be definite if and only if its 
discriminant (a binary quadratic form in x;, x2) be positive for all real vatues 
of (x;, x2) different from (0,0). These conditions can be expressed in 
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terms of the coefficients of the ternary form, and Syivester’s theorem is 
employed to obtain the standard form for them. A quadratic form whose 
discriminant is the same as that of a real algebraic equation is shown to 
be positive definite if and only if the roots of the equation are real and 
distinct. Applying the previously deduced conditions that a quadratic 
form be positive definite, the well known necessary and sufficient conditions 
for the reality of the roots of the equation are obtained. 


6. Professor G. A. Miller: The number of systems of im- 
primitivity of transitive substitution groups. 


The main theorem proved in this paper is as follows: The number of 
systems of imprimitivity of any transitive substitution group is equal to 
the number of proper subgroups of this group which separately involve as 
a proper subgroup a fixed one of the subgroups composed of all the sub- 
stitutions of this transitive group which omit a given letter, and the 
number of letters in a set of such a system of imprimitivity is equal to the 
index of this fixed subgroup under the larger subgroup. By means of this 
theorem the author determines the number of systems of imprimitivity 
of any transitive group in which the degree of the subgroup composed of 
all the substitutions which omit a given letter is exactly half the degree 
of the group. In particular, if in a transitive substitution group G the sub- 
group G; composed of all the substitutions of G which omit a given letter 
is transitive and omits kalf the letters of G, then the number of systems of 
imprimitivity of G is one more than the number of proper subgroups of G;. 


7. Professor C. G. Latimer: On forms which repeat under 
multiplication. 


In this paper it is shown that if (A;;) is the adjoint of the general 
Hermitian matrix (a;;), (7, 7=1, 2, 3), then the Hermitian form 
Zoxe+)_ repeats under multiplication. This is seen to be a 
generalization of Hermite’s self-reproductive quadratic form. From the 
above form we obtain an octenary quadratic form ¢, which also repeats 
under multiplication. By proper specialization of the parameters in ¢, 
we obtain E. T. Bell’s recent generalization (Annals of Mathematics, (2), 
vol. 27, p. 99) of Degen’s result on the sum of eight squares. 


8. Professor C. G. Latimer: On the primes in the general 
cubic Galois field. 


It is known that in every general cubic Galois field a rational prime, not 
a divisor of the discriminant, is either a prime of the field or is the product 
of three distinct prime ideals. It is found that a sufficient condition for a 
prime to be such a product is that it be a cubic residue of the rational in- 
teger D, where D? is the discriminant of the field F. If F is of class unity, 
this condition is also necessary. It is shown that a necessary condition 
that F be of class unity is that D=9 or D=p, a prime. F. S. Nowlan (this 
Bulletin, vol. 32, pp. 374-80) has recently treated a problem equivalent to 
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that of determining the primes in two special fields. Our results check with 
his. 


9. Dr. C. G. Jaeger: A character symbol for primes relative 
to a cubic field. 


A symbol y¥(7) is defined with regard to the primes of a general cubic 
field analogous to the symbol defined by Dedekind in the study of the class 
number of a pure cubic field. It is hoped that this symbol will facilitate 
the study of the zeta function in the general cubic field. 


10. Professor H. M. Gehman: Concerning irreducible 
continua. 


If a bounded continuum M is an irreducible continuum about a set A, 
then (1) A’ (=A plus its limit points) contains some non-cut points of M; 
(2) M is an irreducible continuum about those points of A’ which are non- 
cut points of M; (3) A’ contains all points of M which are such that there 
exists a neighborhood about the point of diameter less than any pre- 
assigned positive quantity whose removal leaves M connected. As a 
corollary to (1) follows the well known theorem that every bounded 
continuum contains at least two non-cut points. The points mentioned in 
(3) are a special type of non-cut points. 


11. Professor H. M. Gehman: On extending a correspon- 
dence in the sense of Antoine. 


A continuous (1-1) correspondence between two plane points sets M 
and-M’ can be extended in the sense of Antoine (Journal de Mathématiques, 
(8), vol. 4 (1921), p. 221), or A-extended, to their planes provided there 
exists a continuous (1-1) correspondence of the planes such that M cor- 
responds to M’ under this correspondence. In this paper, continuous 
curves are classified by types according to the number of simple closed 
curves, end points, and branch points that they contain, and it is 
found that there are in all eighteen types for which a correspondence 
between two curves of the same type (and interior-class) can be A-extended. 
In particular, if M is an acyclic continuous curve, a correspondence between 
M and M’ can be A-extended to their planes, if and only if either M 
contains less than three branch points and the number of end points is 
finite, or M has three branch points and five end points. Two other theorems 
are proved which generalize theorems of Antoine on the A-extension of a 
correspondence between sets consisting of collections of continuous curves. 


12. Professor R. L. Moore: Concerning triods in the plane 
and the junction points of plane continua. 

A triod is defined as a continuum containing a point O (its emanation 
point) and consisting of three continua each of which is irreducible between 
O and some other point and no two of which have in common any point 
except O. The point O of a continuum M is called a junction point of M, 
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if M contains a triod having O as its emanation point and there exists a 
domain D containing O and such that O is a cut point of the greatest con- 
nected subset of M-D that contains O. A bounded continuum M is called 
triodic or atriodic according as there does not exist a subcontinuum 
K of M containing three distinct points and a continuum which contains 
no one of these points but which contains a point of every connected subset 
of K that contains two of them. It is shown that, in the plane, (1) no 
continuum has uncountably many junction points, (2) there does not exist 
an uncountable set of mutually exclusive bounded triodic continua, (3) 
if G isan uncountable set of mutually exclusive bounded continuous curves, 
then all but a countable number of them are either simple continuous 
arcs or simple closed curves. 


13. Professor R. L. Moore: On the separation of the plane 
by continua. 
This paper will appear in full in an early issue of this Bulletin. 


14. Professor R. L. Moore: Concerning the sum of a count- 
able number of closed point sets. 


J. R. Kline has recently shown that if G is a countable set of mutually 
exclusive bounded continua, and, for every positive number e, all but a 
finite number of them are of diameter less than e, then their sum is not con- 
nected. In the present paper it is shown that this theorem remains 
true if “continua” is replaced by “closed point sets.” 


15. Professor G. T. Whyburn: On the structure of plane 
closed point sets which are accessible from certain subsets of 
their complements. 


If, in a plane S, R;, Re, and R; are mutually exclusive connected point 
sets, then S—(Ri+R2+Rs3) contains not more than two points each of 
which is accessible from each of these sets. If every point of the closed 
and bounded point set K is accessible from each of two mutually exclusive 
connected subsets of S—K, then either K is a simple closed curve or there 
exists an arc which contains K. Let K be an irreducible cutting of a con- 
tinuous curve M between two points A and B of M, and R, and R; the 
components of M—K containing A and B respectively; then (1) K lies in 
some single cyclic element of M; (2) if every point of K is accessible from 
each of the sets R, and R;, either K is a simple closed curve or there exists 
an arc t such that t- M=K, and the boundary of no complementary domain 
of M contains more than two points of K; if, in addition, the boundaries 
of no two complementary domains of M have a common point, M contains 
an arc T which contains K. Other consequences of these theorems are 
given. 


16. Professor G. T. Whyburn: On the disconnection of 
continua. 
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Let M be any plane continuum. (1) If every subcontinuum of M 
contains an uncountable collection of mutually exclusive point sets [X] 
each of which cuts M, then every subcontinuum of M is a continuous curve. 
(2) If, in (1), the point sets [x] are countable, then every subcontinuum 
of M contains an uncountable collection of mutually exclusive pairs of 
of points each pair of which cuts M. (3) If every subcontinuum of M 
contains an uncountabie collection of mutually exclusive pairs of points 
each pair of which cuts M, then M is a Menger regular curve. (4) The 
subcontinuum N of M contains an uncountable collection of mutually 
exclusive pairs of points each pair of which cuts M if and only if N contains 
an uncountable set of points each of which is either a cut point of M or 
accessible from at least two complementary domains of M. (5) There 
exists a Menger regular curve M containing an arc ft which contains a 
countable set of points H such that no subset of t—H cuts M. 


17. Professor G. T. Whyburn: On irreducible cuttings of 
continua. 


Let M be any continuous curve; then (1) a cutting K of M is irreducible 
(see this Bulletin, vol. 33, p. 388) if and only if K is the M-boundary of 
each component of M—K; (2) a cutting K of M between two points A 
and B of M is an irreducible cutting between these points if and only if K 
is the M-boundary of each of the two components of M—K containing A 
and B respectively; (3) every cutting of M between any two closed subsets 
A and B of M contains an irreducible cutting of M between A and B. If 
every point of the irreducible cutting K of a plane continuous curve M 
between two points A and B of M is accessible from each of the components 
R, and R; of M—K containing A and B respectively, then either K con- 
tains two points whose sum cuts M or R.+R,=M-—K and K is an irre- 
ducible cutting of M@. Every bounded decomposable continuum M which 
is an irreducible cutting of the plane has the property that however it be 
decomposed into two continua H and K neither= M, H-K is the sum of 
two mutually exclusive continua. 


18. Dr. W. L. Ayres (National Research Fellow): Con- 
tinuous curves which are cyclically connected. 


A continuous curve M is cyclically connected if and only if one of the 
following conditions holds: (1) if K; and K2 are mutually exclusive closed 
subsets of M each containing more than one point, there exist two mutually 
exclusive arcs, each of which has a point of K; as one end point and a point 
of Kz as the other end point and lies in M—K,—K, except for these points; 
(2) if, in (1), Ke contains just one point P, the two arcs exist as in (1) 
except that they have just P in common instead of being mutually ex- 
clusive; (3) if x, y, and z are distinct points of M, there exist arcs xyz, 
xzy, yxz of M; (4) (a) the boundary of every complementary domain of Misa 
simple closed curve or an open curve, (b) no two unbounded complementary 
- domains have a boundary point in common; (5) if M is unbounded, (a) 
every point of M lies on an open curve of M, (b) the same as (b) of (4). 
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(Conditions 4 and 5 are for two dimensions only.) A number of conditions 
are given that every point of an unbounded continuous curve M lie on an 
open curve of M. 


19. Mr. J. H. Roberts: Concerning continua that contain no 
domains. 


Menger has shown that if P is a point of a plane continuum M which 
contains no domain, for every positive number e there exists a simple 
closed curve enclosing P and of diameter less than e and such that the set 
of points common to M and this curve is totally disconnected. In the pres- 
ent paper it is shown that for every such curve M there exists a continuous 
one-to-one transformation of the plane into itself such that in the trans- 
formed plane there exists a rectangular coordinate system with the fol- 
lowing properties: (a) if / is any line whatever parallel to one of the co- 
ordinate axes, then the set of points common to/ and M is either vacuous 
or totally disconnected; (b) if M is a continuous curve, and if R is the in- 
terior of any rectangle whose sides lie respectively on the lines x=a, 
x=b, y=c, and y=d, where a, b, c, and d are rational numbers, then the 
set of all points of M that lie in R is the sum of a finite number of maximal 
connected subsets and so is the set of all points of M that belong to R’. 


20. Professor R. L. Wilder: Concerning R. L. Moore’s 
axioms 2; for plane analysis situs. 


In his paper On the foundations of plane analysis situs (Transactions of 
this Society, vol. 17 (1916), pp. 131-164), R. L. Moore proposed a system, 
>;, of eight axioms for plane analysis situs. The present paper establishes 
that the system 2; may be reduced to a set of seven axioms, by the elimina- 
tion of axiom 6, which is shown to be a consequence of the other axioms. 
It is also found, incidentally, that the property stated in axiom 7 may be 
used to characterize simple closed curve and open curve. 


21. Dr. C. F. Roos (National Research Fellow) and Mr. 
Alexander Oppenheim: A symmetric method of fitting lines 
and planes. 


The method usually followed to fit a straight line y=ax+) to observed 
points (x;, yi), i=1,---, m>2, is that of choosing a and 5b so as to mini- 
mize =(ax;+b—y;)*. If both x; and 4; are subject to error, there is no reason 
to prefer the line so obtained to the line x =a’y+5’, different from the first 
unless the given points are collinear, found by minimizing =(a’y; +5’ —x;)?. 
Using the hypothesis that fitting a straight line is independent of the choice 
of axes, we find that if ax+by+c=0 is the line of fit, the most general 
function of x;, yi, a, b, and c invariant under homogeneous strain, rotation, 
and translation is some power of axi+byitc. If axi+byit+c is propor- 
tional to the distance from (x;, yi) from the corresponding point of the line 
of fit, we show that a cos a+b sin a=¢, where ¢ does not involve a, }, 
and ¢, and tan a is the ratio of the error in y; to that in x;, assumed inde- 
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pendent of 7. We obtain for the line of fit a simple equation well adapted 
to calculation. The method generalizes to the fitting of planes and hyper- 
planes, and also offers a method of attack for the fitting of higher plane and 
space curves. 


22. Mr. R.S. Burington and Mr. H. K. Holt: A classifica- 
tion of plane cubic curves under euclidean transformations. 


Newton showed that every cubic is included in one of four canonical 
forms which he subdivided by methods partly geometric and partly alge- 
braic into 72 types, with some omissions which have been supplied by later 
writers. These forms are not canonical forms as we use the term. The trans- 
formations which leave one of them unaltered are sometimes more than 
finite in number. Using a system of invariants and covariants, the authors 
obtain eight true canonical forms which give all cubic curves with at most 
a finite number of repetitions. 


23. Professor E. T. Browne: Involutions that belong to a 
linear class. 


We consider two square matrices A, B of order n which possess the 
property A?=B?=TJ, where J is the unit matrix. If in addition A and B 
are such that every linear combination of them of the form C=£A +(1—£)B 
also possesses the property C?=TI, we shall say that A and B determine a 
linear class of involutions of which C isa member. In this paper a study is 
made of the properties of pairs of involutions that determine a linear class. 
The number and distribution of the linearly independent common fixed 
points and planes of A and B are determined, and necessary and sufficient 
conditions, both algebraically and geometrically, are given that A and B 
may determine a linear class. Finally, for n»=3 and n=4 a special study is 
made of linear classes of harmonic homologies in the plane and of point- 
plane reflections and line reflections in space. A number of interesting 
results are obtained. 


24. Professor J. H. Neelley: A note on the rational plane 
quartic curve with cusps or undulations. 


This paper derives and discusses certain invariants and covariants of 
the rational plane quartic curve with either cusps or undulations. Also 
certain degenerate forms are considered. 


25. Professor R. M. Winger: Trinomial curves and mono- 
mial groups. 

Maschke (American Journal of Mathematics, vol. 17) has considered 
monomial groups in the ternary domain, which are derived from two gen- 
erators of special type; his work was extended by Skinner (ibid., vol. 25). 
Both authors exclude the interesting groups that leave invariant the tri- 
nomial curves x"+y"+2"=0. These curves, for rational values of n, have 
received attention from numerous writers (Loria, Spezielle Algebraische 


— 
— 


142 AMERICAN MATHEMATICAL SOCIETY [Mch.-Apr., 


und Transzendente Ebene Kurven, vol. I, pp. 328 ff.), and particular cases 
have been studied in connection with their groups, notably by Muth (n =3), 
Berzolari (2 = —2), Dyck (n=4), Snyder (n=5), Tappan and Musselman 
(n=6). In a forthcoming paper the author treats in detail the case of the 
equianharmonic cubic (n=3). The present paper generalizes the more im- 
portant results for arbitrary integral values of nm. The group is analyzed 
and the complete system of invariants, comprising four forms connected 
by a syzygy, is obtained. The fundamental invariant curves are discussed; 
in particular, conjugate sets of points, special and general, are constructed. 
The curves are also studied in relation to a quadratic inversion. Generali- 
zation to m-space is indicated. 


26. Professor H. A. Simmons: Strong and weak inequalities 
involving the ratio of two chords or arcs of a circle; chains of 
inequalities. 


Let two chords G, G2, (:<¢2, of a semi-circle be drawn, and call their 
intercepted arcs a), a2 respectively. It is well known that (¢:/c2) >(a1/a2). 
In the present paper certain areas and volumes that are naturally associated 
with the chords c, c: and arcs a, @2 are compared. Special notions of 
“strong” and “weak” inequalities are introduced early in the paper, and 
form a large part of the basis of the discussion; they are used in stating 
theorems and corollaries. Probably the most interesting result of the paper 
is a chain of trigonometric inequalities appearing in the last section, and 
developed from the notion of strong inequality. 


27. Professor Louis Ingold: Transformations of the co- 
efficients of linear connection. 


In an earlier paper (Proceedings of the National Academy, vol. 11, 
pp. 252-256), the author applied a transformation to the coefficients P'2) 
of an affine geometry, or a geometry of paths. This transformation was 
associated with a non-singular matrix q;. In order to define the correspond- 
ing transformation in an arbitrary coordinate system, it was found desirable 
to regard the quantities a; as the components of a mixed tensor. In the 
present paper the same transformation is applied to the more general non- 
symmetric coefficients H;, and the invariants of the transformation are 
studied. A series of invariants, given implicitly in the earlier paper, are 
here formulated explicitly. New invariant properties are studied; for 
example, it is shown that if, in the original space, there exists a covariant 
tensor hg, og, whose covariant derivatives vanish, then the same is true of 
the transformed space. 


28. Professor A. B. Coble: The invariants of an algebraic 
curve under Cremona transformation. 
On page 394 of her treatise on Cremona transformations, Miss Hudson 


remarks that “the outstanding problem of the whole theory, in any number 
of variables, is still to determine the set of properties which are invariant 
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for Cremona transformations but not for the wider group of Riemann 
transformations. The present author gives the following version of the 
matter for a non-hyperelliptic plane algebraic curve f of genus p=4: the 
Riemann invariants of f are the projective invariants of the normal curve 
C?P~2 in Sop-1, the map of f by its canonical adjoints; the Cremona invari- 
ants of f are the simultaneous projective invariants of the normal curve and 
a particular rational surface, T, which contains C??~ as a simple curve. 
For the excluded cases, hyperelliptic or of genus <3, special statements 
must be made. As TI varies for fixed C??~*, we obtain the various types of 
plane curves f, all birationally equivalent, but all distinct under Cremona 
transformations. 


29. Professor M. C. Foster: On the envelope of lines deter- 
mined by centers of geodesic curvature. 


This paper is concerned with the envelope relative to the moving tan- 
gent plane of the lines which join the centers of geodesic curvature of the 
curves of an orthogonal system upon a surface. The paper considers the 
conditions that the point on the envelope coincide with certain special 
points on the rays of the normal rectilinear congruence formed by these 
lines. 


30. Professor M. C. Foster: On the loci of centers of geodesic 
curvature. 


Corresponding to every point on a surface S referred to any orthogonal 
system are two centers of geodesic curvature, G; and G2, of the curves 
u=const. and v=const. The loci of G; and G2 are in general two surfaces 
which are called the G-surfaces for the particular orthogonal system on S. 
This paper is concerned with these surfaces corresponding to various or- 
thogonal systems. 


31. Mr. Frank Ayres: Plane n-ic curves generated by pairs 
of involutions on a line. 


H. S. White has shown (American Journal, vol. 48 (1926), that any 
plane cubic curve can be generated by means of a pair of cubic involutions 
on a line. In the present paper the following general theorem is proved: 
Any plane n-ic curve whose equation, (ax)"=0, can be transformed, by 
means of a collineation of the form x;=ajy1+8;y2+7i¥s,(j=1, 2, 3),A+0, 
into one in which y; and 2 are separated, can be generated by means of a 
pair of n-ic involutions on a line. For such n-ics two points exist such that 
the first polar of either with respect to the m-ic degenerates into n—1 
lines through the other. Taking the coordinates of these points as the 
a; and 8; in the collineation, and 7; arbitrary, the required transformation 
can be effected. Moreover, (a) and (8) are corresponding points on and 
intersection points of the 1st,---, (#—3)d Hessian and corresponding 
Steinerian of the m-ic; the line (a)(8) has (n—«—2)-point contact with the 
xth Hessian and (x—1)-point contact with the «th Steinerian at (a) and 


= 


144 AMERICAN MATHEMATICAL SOCIETY [Mch.-Apr., 


(8). For a non-degenerate n-ic, the conic polar of each of the » —2 further 
points of intersection of (a)(8) and the Hessian has the intersection of the 
linear polars of (a) and (8) with respect to the m-ic as its double point. 


32. Professor A. D. Campbell: The discriminant of an 
m-ary quadratic in the Galots fields of order 2". 


The prime modulus 2 in the Galois fields of order 2” makes the ordinary 
discussion of the discriminant A of the m-ary quadratic break down in 
these fields. In this paper it is shown that, for m even, A is the determinant 
D whose vanishing causes the first polar of every point P with respect to 
the quadratic to pass through a fixed point P’, where the modulus 2 is 
replaced by zero in D. On the other hand, for m odd, every first polar passes 
through a fixed point P’; in this case D has 2 as a common factor, and A 
proves to be D with the factor 2 removed and with 2 replaced by zero in 
the rest of D. 


33. Professor A. D. Campbell: A note on the polar curves 
of plane algebraic curves in the Galois fields. 


This paper appears in full in the present issue of this Bulletin. 


34. Professor T. R. Hollcroft: On multiple points and 
curves of surfaces. 

Five problems are solved in this paper, and the following characteristics 
of algebraic surfaces determined: (1) the maximum number of multiple 
points of given order on a surface of given order; (2) the maximum order 
of multiple points of which the surface of given order has a given number; 
(3) the maximum number of consecutive multiple points of given order on 
a surface of given order; (4) the maximum multiplicity of a curve of given 
order on a surface of given order with given multiple curves; (5) the maxi- 
mum order of a curve of given multiplicity on a surface of given order with 
given multiple curves. 


35. Professor R. M. Mathews: Dual syzygetic pencils of 
cubtes. 


The nine harmonic polars of an order cubic are dual to the nine flexes 
and form the base of a syzygetic pencil of class cubics dual to the pencil of 
order curves on the flexes. Properties of the curves of one pencil can be at 
once dualized for the other pencil. The present investigation is of figures 
whose points and lines are the same for both pencils. Among the theorems 
obtained is the following: Every order cubic of a syzygetic pencil cuts each 
class cubic of the dual pencil in a Gis of points such that the tangents 
(line elements) at the points form an isomorphic Gis on the class curve. The 
Gis is that subgroup of Hesse’s Go, that leaves each curve invariant. 


36. Professor Arthur Ranum: On spherical, quasi-spherical 
curves. 
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A curve C lying on a sphere S; whose tangents touch another sphere 
S2, and two curves closely associated with it, are here investigated. If 
5S; is not tangent to S2, C consists, in general, of an infinite number of con- 
gruent arches connected by cusps, but the number of arches may be finite 
and C be a closed curve. If S; is tangent to S2, the point of contact being 
K, C consists of a single arch and K is an asymptotic point of the curve. 
The equations of C in general involve elliptic functions. 


37. Professor Arthur Ranum: Spheres osculating a curve 
and quasi-osculating another curve. 


An intensive study of the “quasi-osculating sphere” of a twisted curve, 
discovered in 1909 by Hostinsky and the author, leads in this paper to a 
variety of new curves, and also to a new principle of classification of curves. 
For instance, if s, 1/p, and 1/7 are the arc length, curvature, and torsion, 
respectively, and if 7=/fds/r, then a curve that is osculated by the quasi- 
osculating spheres of another curve is characterized by the intrinsic equa- 
tion p=a sec 7, and since the equation p=a cos 7 is known to characterize 
a spherical curve, a close connection is established between the two classes 
of curves. 


38. Professor L. R. Ford: On the limit points of discon- 
tinuous groups. 


Certain theorems concerning the set of limit points of a properly dis- 
continuous group of linear transformations are derived, the proofs being 
based on the properties of the isometric circle. The results are used to 
prove that a non-elementary group of non-loxodromic transformations is 
Fuchsian. 


39. Professor G. M. Robison: On regularity of a certain 
class of definitions of summability of infinite products. 


Let P,=I-1(1+a,) be the sequence corresponding to the infinite pro 
duct I1,7_:(1+a,). A new sequence P,,’ is defined linearly in terms of a set 
of constants (an,,) and the elements as follows: P,,’ 
If lim,..P,’ exists and is equal to s, the infinite product I1(1+<ax) is 
said to be summable by the definition to the value s. This paper gives a 
criterion for the regularity of this type of definition. An example of a defi- 
nition assigning a value to a divergent infinite product is also given. 


40. Professor E. L. Mackie: The Jacobi condition for a 
problem of Mayer with variable end points. 


The isoperimetric problem of minimizing the quotient of two simple 
integrals while keeping a third constant is considered, the three integrands 
being arbitrary functions of x, y, and y’. The Euler-Lagrange differential 
equations are deduced as a first necessary condition on the minimizing arc, 
and a transversality condition is found, by application of the recent re- 
sults of Bliss in his study of the problem of Mayer. A further necessary 
condition is then established for this problem by showing that an envelope 
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theorem and a condition analogous to that of Jacobi apply to it as well as 
to simpler problems in the calculus of variations. 


41. Professor P. R. Rider: Minimizing two types of definite 
integrals. 

This paper considers the integrals +y*)"dx. 
The equations of the extremals are derived, and also necessary and suffi- 
cient conditions for a minimum or a maximum. The results obtained for 
the second integral are used to extend the conclusions of two earlier papers 
by the author (this Bulletin, vol. 27, pp. 279-284; Annals of Mathematics, 
(2), vol. 24, pp. 167-174). The present paper will appear in the Annals of 
Mathematics. 


42. Mr. T. H. Rawles: The invariant integral and the in- 
verse problem in the calculus of variations. 


In this paper a theory for the inverse problem in the calculus of varia- 
tions is presented. The Hilbert invariant integral serves as a point of 
departure. By means of this integral we obtain the general form of the 
integrand function which is compatible with a prescribed relation between 
the slopes of the extremal and the normal to the transversal. Conditions 
are then found which determine when it is possible for a given family of 
curves to be the extremals of a problem involving this prescribed relation. 
Finally the particular form of integrand function is developed. The problem 
is discussed for m variables in the ordinary and in the parametric form. 


43. Dr. I. M. Sheffer (National Research Fellow): 
Systems of linear differential equations of infinite order with 
constant coefficients. 


The linear differential equation of infinite order with constant coeffi- 
cients, (x)=f(x), was solved by Schiirer (Leipziger Berichte, 
vol. 70 (1918), pp. 185-240) for a certain class of analytic functions f(x) 
and a certain class of constants a,. The problem of solving m such equa- 
tions in m unknown functions appears not to have been treated heretofore. 
It is the purpose of the present paper to effect this generalization. The 
method used is operational, and permits us to give a complete treatment for 
the class of functions considered. 


44. Dr. I. M. Sheffer: An operational treatment of the 
linear differential equation of infinite order with polynomial 
coefficients of degree one. 


The existence theorems for a linear differential equation of infinite order 
whose coefficients are polynomials of bounded degree have been considered 
by von Koch, Perron, Hilb, and others. We consider in this paper the case 
where the polynomials are of degree not exceeding one. The treatment of 
such an equation falls into two cases, according as a function D(¢), which 
introduces itself into the problem in a very natural manner, is or is not 
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analytic throughout a certain region. In the former case, the problem can 
be reduced to the case of an equation with constant coefficients, treated 
in the preceding paper. If D(t) is not analytic everywhere in the region 
considered, the discussion is more elaborate. In some cases solutions can 
be obtained in expansions of certain related functions. In every case, how- 
ever, it is shown how the original equation can be reduced to a linear 
differential equation of finite order, of Fuchsian type. The treatment is 
largely operational. 


45. Dr. I. M. Sheffer: On a region of analyticity of a class 
of analytic functions. 


Let F(x) =20°F,.x" be analytic about the origin, and let f(x) =20° F.x"/n! 
be the associated entire function. If we are given f(x) with the single pro- 
perty that superior limit (|f™(0) |)”"=p, the most that can be said of 
F(x) is that it has |x |=1/p as its circle of convergence. It is reasonable 
to expect that if we know more about f(x) we can determine a larger region 
of analyticity for F(x). The writer has had occasion to consider the fol- 
lowing class of functions f(x): f(x)=e-{g(x), where superior limit 
(|g (0) |)”"=A, and & is any constant (real or complex). For A2 |é| 
and for \<|é| we obtain regions of analyticity for F(x) that are much more 
extended than the circle of convergence mentioned above. Borel summabi- 
lity is used to establish these results. 


46. Professor C. C. Camp: Devices for computing the rates 
together with a statistical study of building and loan associations. 


The author compares methods of computing the rates for building and 
loan associations in order to secure a maximum of accuracy with a mini- 
mum of numerical work. Among the methods examined are the following: 
interpolation with first, and with second differences; interpolation in seven- 
figure logarithms from Glover’s tables; rule of double false position using 
logarithms; simple iteration; iteration accelerated by the author’s method; 
Newton’s method; and that of binomial expansions. A good random sample 
of 28 out of 852 associations in Illinois shows a poor correlation between the 
borrower’s and the investor’s rates. If we omit the five highest rates for 
loans, a coefficient of r=0.775 +0.056 is found, and the line of best fit, 
¥y —0.0815 =0.69(x —0.0688), is obtained. Without this omission the bor- 
rower’s rate averages 8.87 % as against 6.87 % for the investor. 


47. Professor Philip Franklin: Sets of functions, orthogonal 
on an infinite interval, having the power of the continuum. 


The theory of almost periodic functions treats of the expansion of such 
.functions in terms of the sines and cosines which form a non-enumerable 
set of functions, orthogonal on an infinite interval. We here extend some 
of the properties of functions orthogonal on a finite interval to general sets 
of functions of this type. With regard to the existence of sets which are not 
linear combinations of a finite number of sines and cosines, we show 
that a complete set of such functions can be constructed from any (enumer- 
able) complete set on a finite interval. 


i 
= 


148 AMERICAN MATHEMATICAL SOCIETY [Mch.-Apr., 


48. Professor Philip Franklin: Approximation theorems 
for generalized almost periodic functions. 


The almost periodic functions of H. Bohr are originally defined as con- 
tinuous functions, having displacement numbers ({(e), such that 
D(t)= |f(x+#)—f(x)!S ¢, distributed in a regular fashion. The approxi- 
mation theorem for these functions identifies them with the class of functions 
uniformly approximable by trigonometric polynomials. Several generaliza- 
tions of the notion have been given by Stepanoff, Wiener, Besicovitch, and 
Weyl, each definition requiring less than continuity, and correspondingly 
weakening the sense in which D(t) must be small for a displacement num- 
ber. In this paper we show that for all these generalized almost periodic 
functions, the approximation theorem has an analogue, the functions of 
each type being completely equivalent to a class of functions approximable 
in some sense by trigonometric polynomials. 


49. Professor Philip Franklin: A set of continuous or- 
thogonal functions. 

A set of orthogonal functions was constructed by Haar (Mathematische 
Annalen, vol. 69 (1910)) which had the property that the development of 
any continuous function in terms of these functions converged. The func- 
tions themselves were not continuous. In the present paper we construct 
a set of continuous functions which, we show, possesses the same property 
as Haar’s. Our functions are obtained by normalization from broken-line 
functions. 


50. Professor Philip Franklin: Almost periodic recurrent 


motions. 

Recurrent motions, a special type of limiting motion associated with 
the stable trajectories of a steady dynamical system, have been defined and 
discussed by Birkhoff (Bulletin, Société Mathématique de France, vol. 
40 (1912)). If we define an almost periodic motion as one whose coordinates 
are almost periodic functions (in the sense of H. Bohr) of the time, we note 
at once that every almost periodic motion is recurrent. For systems satis- 
fying a certain stability condition, we show that conversely every recurrent 
motion is almost periodic. 


51. Dr. W. M. Whyburn (National Research Fellow): 
An existence theorem for differential systems. 

In this paper it is shown that there exists a unique set of absolutely 
continuous functions y,(x),*--, yn(x), on the interval X: aSx<b, such 
that if x=c is any point of x and a, d2,---, d, are given constants, then 
yi(c) =a;, i=1, 2,---, m, and such that this set of functions satisfies the 
following system of differential equations almost everywhere on X: 
dy; dx M1, °° Yn), 2,---, m, where 
the A;; and fi, (7, 7=1,---, m), are functions summable (Lebesgue) of x 
on X for each fixed (1, +--+, Yn), continuous functions of (y1,-°+-, yn) for 
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each fixed x on X, and finally there exist functions M(x) and L(x) that are 
summable on X such that for all (¥1,°+-+, yn), (21,°°°, Zn), and every x 
on X, yn) |S M(x), Yn) |S M(x), and 
—filx, t1,°° +, 2n)|S Lev) 2,---, m). A method of 
successive approximations is used together with a lemma which shows that 
the approximating functions are uniformly bounded. 


52. Dr. W. M. Whyburn (National Research Fellow): On 
the functional relation between the solutions of differential 
systems and the initial conditions. 


The differential system considered in the author’s paper An existence 
theorem for differential systems (see above) is discussed with the initial 
conditions y;(a;)=b;, 7=1,---, m; where h,---, 6, are constants and 
4, +, are points of the interval of definition, X. A positive constant 
6 is determined such that if all the points a; lie on an interval D of length 
less than or equal to 4, there exists a unique solution of the given differential 
system which satisfies the initial conditions. The above-mentioned exis- 
tence theorem is used to extend this solution throughout X. It is shown that 
the solution is continuous in the variables (ay, - - dn, b1, +, Bn, x) 
throughout the manifold defined by |b;|<B, a; and x on D, i=1,---, n, 
where B is a constant. Other properties of the solutions of this system are 
discussed. 


53. Professor J. L. Walsh: On approximation to an arbi- 
trary function of a complex variable by polynomials. 


In the z-plane let two Jordan curves lie exterior to each other except 
for a single point which they have in common. Let the point set M consist 
of these curves and their interiors. If the function f(z) is continuous on M 
and analytic in the interior points of M, then on M this function can be 
uniformly expanded in a series of polynomials in z. If the bounded point 
set M consists of a finite number of Jordan arcs and does not divide the 
plane, then an arbitrary function f(z) continuous on M is developable on 
M in a uniformly convergent series of polynomials in z. 


54. Professors D. J. Struik and Norbert Wiener: The 
Heisenberg theory of quanta under general five-dimensional 
relativity. 

The present paper represents a reconciliation between general relativity 
and the Heisenberg idea that the Schroedinger wave equation determines 
a flow of probabilities. By the introduction of the Kaluza five-dimensional 
theory, the complex probabilities of Hilbert and Heisenberg are made real. 
The theory assumes a form analogous to that of sound under general rela- 
tivity and at infinitely high temperatures. It offers the possibility of an 
interpretation of m, e, and h as dimensional constants. The recent work of 
Schidlof, identifying as it does the proton and the electron, indicates 
that M may also be explained as a dimensional constant. 
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55. Professors C. A. Garabedian: On thick circular and 
rectangular plates loaded at the center. 


In the forthcoming number of the Journal de |’Ecole Polytechnique 
will appear a paper (Correction de certains résultats sur la flexion d’une 
plaque circulaire épaisse donnés par de Saint-Venant ....) in which the 
author shows the necessity of revising certain currently accepted solutions 
in thick plates under central load. The solutions in question are based 
upon an erroneous argument first advanced by de Saint-Venant. The cases 
of interest are those in which the plate is of circular or rectangular contour 
and clamped or supported at the edge, making in all four problems to be 
solved anew. The present paper obtains the solutions of these problems, 
and notes that the correct formulas, as distinguished from those hitherto 
published, give a consistent stress distribution at the point of application 
of the concentrated load. 


56. Professor G. Y. Rainich: Rotations in four-space. 


In the six-space the vectors of which represent infinitesimal rotations 
or antisymmetric tensors of a euclidean four-space, two absolutely per- 
pendicular three-spaces are introduced which are invariant under all rota- 
tions in the four-space. Every six-vector is the sum of two three-vectors of 
opposite type, i.e., of two vectors of the three-spaces mentioned above. The 
known invariants and simultaneous invariants of six-vectors are simply 
expressed in terms of the three-vectors. A direction of a plane in four- 
space can be given by two unit vectors of opposite type, which in turn are 
determined by the plane. Two simultaneous invariants of three six-vectors 
which appear to be novel are introduced as triple alternating products of 
three-vectors. In a special case these two simultaneous invariants charac- 
terize the relative position of three planes in four-space. They have been 
used by the author in his recent work on integrals of tensor fields. The 
decomposition of an infinitesimal rotation corresponds to the known de- 
composition of a general rotation in four-space into two elementary rota- 
tions. 


57. Professor E. R. Hedrick: Stieltjes integrals in the 
complex plane. 
The definitions and the properties of Stieltjes integrals in a complex 


plane are studied, and theorems analogous to those of the traditional theory 
of functions are stated. 


58. Professor C. N. Moore: On certain criteria for the 
summability of integrals. 


In this paper there is determined a set of necessary and sufficient con- 
ditions that a given infinite integral be Cesiro summable of order n. If 
the integral is So -v(x)dx, the conditionsinvolvethe existence of a set of solu- 
tions of the equations yo(x) =y(x), y:-1 (x) = —xv.’(x), (s=1, 2, 
such that Sy vilx)dx is summable (C, n—i), (i=1, 2,--+, m+1). The re- 
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sults are in the main analogous to some theorems regarding summable 
series due to Hardy and Littlewood (see Mathematische Zeitschrift, vol. 
19 (1923), pp. 71-74), but there are also certain departures from this 
analogy, as is frequently the case in passing from theorems for divergent 
series to corresponding theorems for divergent integrals. 


59. Professor Dunham Jackson: On certain problems of 
approximation in the complex domain. 


A method involving Bernstein’s theorem on the derivative of a trigono- 
metric sum or a polynomial, or some form of generalization of it, has been 
found useful in the treatment of various problems in the approximate rep- 
resentation of real functions. The present paper illustrates the applica- 
bility of the method in proving the convergence of certain processes of 
approximation over a region of the complex plane. 


60. Dr. C. F. Roos (National Research Fellow): On a type 
of Stieltjes integral equations. 


In the study of linear functionals, especially in connection with Riesz’s 
theorem, it is desirable to know something about the solutions of systems 
of Stieltjes integral equations of the type ua(x) =fx(x) = fa"Kng(x, s)dug(s), 
(h, g=1,+---, m), where g is an umbral index. The present paper gives a 
method which does not make use of an integration by parts. The resolvent 
kernel is a function which in a certain general sense is reciprocal to Ky,(x, s). 


61. Professor J. W. Lasley: Note on the line equation of a 
plane curve. 


The projective differential geometry of plane curves associates with 
every curve an ordinary linear homogeneous differential equation of the 
third order. The Lagrange adjoint of the latter is satisfied by the line 
coordinates of the curve. The parametric point equations furnish integrat- 
ing factors for this adjoint. The integrations can be performed, and the 
general solution of the adjoint equation obtained. There is, however, much 
latitude in the choice both of dependent and independent variables, and 
this choice materially affects the differential equations involved. More- 
over, one must be careful that the fundamental system of solutions finally 
obtained leads to the original curve and not merely to some projective 
transform of it. The present paper outlines a process for effecting this 
transition from the point to the line equations of the given plane curve. 


62. Mr. W. E. Roth: Solution of the polynomial equation 
P(A, X)=0 in matrices. Preliminary communication. 

The equation P(A, X)=F)(A)X?+F,(A)?1+ ---+F,(A)=0, where 
the F;(A), 7=0, 1, - - -, p, are polynomials in the given matrix A, is solved 
in the present paper for such values of X as are expressible as polynomials 
in A. Acriterion for the existence of such solutions is established, and their 
explicit form is produced. 


A 
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63. Professor Edward Kasner: Geometric characterization 
of the derivative congruence of a general polygenic function. 


In an earlier paper, read at the October meeting of the Society, the 
author showed that the derivative r=dw/dz of a general polygenic (i.e., 
non-monogenic) function w is completely represented by a congruence of 
clocks, a definite clock corresponding to each point z. (See Science, vol. 66 
(1927), p. 581, and Proceedings of the National Academy.) If, however, 
we are given an arbitrary congruence whose clocks are in arbitrary corre- 
spondence with the points z, it will not in general be possible to identify 
this situation with the derivative of any function. Necessary and sufficient 
conditions are found, first in analytic, then in geometric form. If the 
congruence and correspondence are defined by a central vector A and a 
phase vector B, where A and B are represented as complex (in general 
polygenic) functions, then (D,—iD,)A=(D,+iD,)B, that is BA =DB, 
in terms of the operators whose geometric meaning is given in the earlier 
paper. The present paper will be sent to the Comptes Rendus. 


64. Professor Edward Kasner: A new interpretation of 
the Laplacian operator. 


The Laplacian operator A is expressible in the form A=4D$ =4BD" 
where D denotes the mean derivative or central operator, and $ the phase 
operator defined in the papers cited above. If w is any complex function, 
we find that Aw=4rDrDw, where I denotes the operation of taking the 
conjugate complex value. Hence the Laplacian of any function (real or 
imaginary) is four times the conjugate of the mean derivative of the con- 
jugate of the mean derivative of that function. This paper will be offered 
to this Bulletin. 


65. Professor Edward Kasner: Homographic and uniform 
clocks. 


If a pencil of lines is put into one-to-one or homographic correspondence 
with the points of a circle, we call this a general or homographic clock. 
If the angle between two lines varies in proportion to the circular arc 
determined by the corresponding points, we call the clock uniform. (Neces- 
sarily the angular measure of the arc is then twice the angle between the 
lines.) Uniform clocks may be positive or negative according to whether 
the sense agrees with the sense of the pencil er disagrees. The clocks in 
the author’s theory of polygenic functions thus appear in the present gen- 
eral theory as negative uniform clocks. For the general case, the centroid 
is distinct from the center. 


66. Professor Oswald Veblen: Projective tensors and con- 
nections. 
The classical theory of differential invariants may be based on the 


observation that any analytic transformation of coordinates determines a 
linear transformation in a unique way. It is also true that any analytic 


A 
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transformation determines a unique linear fractional transformation. 
The coefficients of this linear fractional transformation are the transforma- 
tion coefficients of the components of a class of invariants, called proj- 
ective tensors, which havealgebraic properties analogous tothose of ordinary 
tensors and seem to provide the formalism needed for a group of problems 
to which the ordinary tensor analysis is not adequate. This paper con- 
tains an introductory account of the theory and will be published in the 
Proceedings of the National Academy of Sciences. 


67. Professor E. T. Browne: Note on the chacteristic equa- 
tion of a matrix. 


This paper will appear in full an early issue of this Bulletin. 


68. Professor E. P. Lane: The projective differential 
geometry of systems of linear homogeneous differential equations 
of the first order. 


The author considers first the projective geometry, in a linear space of 
n dimensions, of a system of +1 linear homogeneous differential equations 
of the first order in one independent and n+1 dependent variables. The 
transformation of dependent variables that is used is determined by the 
configuration to be studied, which in any case consists of a set of varieties 
each of which is generated by ~! linear spaces, with the generators in 
correspondence. The precise number of possible configurations is deter- 
mined. Certain curves called intersector curves on a variety are defined, and 
the locus of their tangents is investigated. In 5-dimensional space, the inter- 
section of a point configuration with a hyperquadric yields a geometric 
interpretation in ordinary ruled space. A complete system of invariants 
is furnished for two ruled surfaces in ordinary space, and a new canonical 
form of the differential equations therefore is derived. The foundations 
are laid for the projective differential geometry of a set of varieties gen- 
erated by ~# linear spaces, with the generators in correspondence. The 
system of equations for such a configuration consists of k(m+1) linear 
homogeneous partial differential equations of the first order in n+1 
dependent and & independent variables, the coefficients of which satisfy 
3k(k—1)(n+1)? conditions of complete integrability. 


69. Professor G. T. Whyburn: Concerning accessibility 
in the plane. 


In this paper the following theorems are proved. (1) If G isa countable 
collection of mutually exclusive connected point sets in a plane S, T denotes 
the sum of all the point sets of the collection G, and K denotes the set of 
all points X in S—T such that X is accessible from at least three of the sets 
of G, then K is countable. (2) If every point of a plane continuum M is 
accessible from at least two complementary domains of M, then M is a 
Menger regular curve, and if M is bounded, its cut points are countable. 
(3) In order that the boundary point P of a connected open subset R of 
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a continuous curve (in any number of dimensions) should be regularly 
accessible from R, it is necessary and sufficient that R+P should be con- 
nected im kleinen at P. Asa corollary to (1) we have the result that the 
set of all points of a plane continuum M each of which is accessible from at 
least three complementary domains of M is countable. 


70. Mr. Alexander Oppenheim: The approximate functional 
equation for the multiple theta function, and the associated 
trigonometric sums. 


In this note the approximate functional equation for the multiple 
theta function is obtained by a process of induction from a slight extension 
of the corresponding equation for the simple theta function. The latter 
formula was first given by Hardy and Littlewood in 1914, and various proofs 
of it have since been published. Application is also made after the manner 
of Hardy and Littlewood to the study of certain trigonometric sums as- 
sociated with the powers of a simple theta function. 

ARNOLD DRESDEN, 
Associate Secretary 


A CORRECTION 
By 0. D. KELLOGG 


Dr. F. Vasilesco has kindly called my attention to an 
error in my symposium address, Recent progress with the 
Dirichlet problem, which appeared in this Bulletin (vol. 32 
(1926), pp. 601-623). 

On page 620, in the second paragraph of §8, the property 
(b) should read “the part of B in any closed region T’ has 
capacity 0”; and the last phrase in this same paragraph 
should read “then B must have the property (0).” 

The footnote at this point should refer to a paper by 
Dr. Vasilesco, Sur les singularités des fonctions harmoniques, 
which will appear in the volume of the Journal de Mathé- 
matiques for this year, which is to be dedicated to M. Picard. 
HARVARD UNIVERSITY 
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SEPARATION THEOREMS AND THEIR RELATION 
TO RECENT DEVELOPMENTS IN 
ANALYSIS SITUS* 


BY J. R. KLINE 


1. Introduction. The study of those properties of point sets 
which are invariant under (1-1) continuous transformations 
form the subject matter of analysis situs. It is the purpose of 
the present paper to discuss one of the fundamental invar- 
iants of this field, that of a point set being separated by 
various of its subsets. 

A set is said to be connected in the weak sense, if it is im- 
possible to express it as the sum of two mutually separated 
sets, that is, two sets that are mutually exclusive and neither 
of which contains a limit point of the other one. A set M@ 
is said to be connected in the strong sense if, for every two 
points P and Q of M, there is in M a closed and connected 
subset containing both P and Q. If to the set K, consisting 
of y=sin (1/x), [0<x<1/r], we add the origin, we obtain 
a set which is connected in the weak sense but not in the 
strong sense. A set S is disconnected in the weak sense by one 
of its subsets T, in case S—T is not connected in the strong 
sense; it is disconnected in the strong sense in case S—T is not 
connected even in the weak sense. Thus every set T which 
disconnects S in the strong sense also disconnects it in the 
weak sense but the converse is not true. Thus the set K’, 
composed of the above set K together with the y-axis between 
(0, +1) and (0, —1) is disconnected in the weak sense by the 
removal of the origin but is not so disconnected in the 
strong sense. It is interesting to note that according to a 
theorem of R. L. Wilder, (1) if one limits himself to separat- 
ing sets T which are closed, then if S is a continuous curve, T 
disconnects S in the weak sense only if it disconnects it in 


* An address delivered at the meeting of this Society on May 7, 1927, 
in New York City, by invitation of the Program Committee. 
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the strong sense; and (2) continuous curves are the only 
continua* for which the two types of separation by closed 
sets are equivalent.f 

The theorems of analysis situs are divided roughly into 
those that are concerned with continuity considerations 
and those of a combinatorial character. In the present paper 
we shall attempt to correlate the numerous important and 
rather widely scattered results that have been obtained in the 
field which deals with continuity considerations. The theory 
has been developed most extensively in two dimensions. 
However, while our material is arranged according as the 
separating sets and the sets separated are two-dimensional 
continua of various types, we shall always point out the 
analogous results in three or more dimensions and attempt 
to point out some of the difficulties in the cases where the 
extensions have not been made. 

2. S is a Euclidean Plane and T is a Continuous Curve.$ 
A notable step in the development of modern mathematics 
was made by Jordan when he expressed the necessity for a 
proof of the statement that every plane simple closed 
curve§ divides its plane into an inside and an outside region 


* A set which is both closed and connected will be called a continuum. 

t See R. L. Wilder, Concerning continuous curves, Fundamenta Mathe- 
maticae, vol. 7 (1925), Theorem 8, p. 373. This paper will hereafter be 
referred to as W. F. 

t A continuous curve is the set of points whose coordinates can be repre- 
sented as x=f(t) and y=g(t), where f(t) and g(t) are continuous, single 
valued functions of t,0<#<1. A very useful point set characterization of a 
continuous curve was given by Hahn, when he proved that a necessary and 
sufficient condition that a closed and connected point set be a continuous 
curve is that it be connected im kleinen at all its points. A set of points is 
said to be connected im kleinen at a point P if, whenever C isa circle having 
P as center, there exists a concentric circle C such that if Q is a point of the 
set within C then P and Q lie together in some connected subset of the 
set which lies in C. See Hans Hahn, Mengentheoretische Characteristerung 
der stetige Kurve, Wiener Sitzungsberichte, vol. 123, Part Ila, pp. 2433- 
2489. For other characterizations of the continuous curve from a point 
set standpoint see R. L. Moore, A report on continuous curves from the 
viewpoint of analysis situs, this Bulletin, vol. 29 (1923), pp. 289-302. 

§ If A and B are distinct points, then a simple continuous arc from A to 
B is defined by Lennes as a closed connected set containing A and B but 
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of which it is the common boundary. Jordan also supplied a 
proof of this theorem. However, his proof is unsatisfactory in 
many respects, particularly because he assumes the theorem 
for the case where the simple closed curve is a simple 
polygon.* The theorem was first proved completely by 
Veblen.t Numerous other proofs of the Jordan curve 
theorem have been given by other mathematicians, among 
whom we might mention Brouwer, Schoenflies, Alexander, 
de la Vallée Poussin, Bliss, Ames, Winternitz, and others.t 
The simple closed curve, in addition to dividing its plane 
into two domains of which it is the common boundary, has 
the property that each point of the curve is approachable from 
both domains.§ Schoenflies has proved the following 
theorem which is commonly known as the converse of the 
Jordan curve theorem: 

Suppose K is a closed bounded set of points lying in a 
euclidean plane S and S—K is the sum of two sets K, and Ko, 
which are mutually exclusive and are such that 

(1) If P and Q are any two points of K; (i=1, 2), then there 
exists an arc from P to Q entirely in K;; 

(2) Anarc froma point of K, toa point of K, must contain at 
least one point of K; 


containing no proper connected subset that contains both A and B. A 
subset is a proper subset if its complement in the set is not vacuous. See 
N. J. Lennes, Curves in non-metrical plane analysis situs with an application 
in the calculus of variations, American Journal, vol. 33 (1911), pp. 287-326. 
A simple closed curve is the sum of two arcs AX B and A YB which have no 
points in common other than A and B. A simple closed curve may also be 
defined as the set of all points which can be put into (1-1) continuous corres- 
pondence with the points of the circle. 

* See C. Jordan, Cours d’ Analyse, Paris, 2d edition, p. 92. 

t See O. Veblen, Theory of planz curves in non-metrical analysis situs, 
Transactions of this Society, vol. 6 (1905), pp. 83-98. 

t For a complete list of proofs of this theorem see the article by Rosen- 
thal in the Encyklopidie der Mathematischen Wissenschaften, Bd. II', 
Heft 7. 

§ A set of points M is said to be approachable from a domain D, if 
whenever P isa point of M and Q is a point of D, then there exists an arc 
PQ, which lies except for P entirely in D. 
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(3) If Pisa point of K and Qis a point not in K, then there 
exists an arc from P to Q, lying except for P entirely in S—K.* 

R. L. Moore has proved that an open curve, that is, the 
set of points in (1-1) continuous correspondence with a 
straight line, divides its plane into two regions, similar to 
those made by the simple closed curve in the bounded case.f 
A proof of the converse theorem for the unbounded case 
has been given by the author of the present paper. 

Brouwer has proved the z-dimensional Jordan curve 
theorem, that is, that if T is a set of points in. (1-1) contin- 
uous correspondence with the set x? +x) +x? + ---+«,?=1, 
lying in euclidean space of m dimensions, then T divides S 
into two regions, of which it is the common boundary.§$ 
Veblen has proved that n-space is decomposed by a poly- 
hedron. Veblen’s proof does not use continuity considera- 
tions, in that he bases his proof on axioms I-VIII of his 
thesis, together with axioms which insure the existence of 
n+1 points not all lying in the same (~—1)-space and an 
n-dimensional closure axiom. No assumption of the archi- 
medean axiom or the axiom of continuity is made.|| In this 
connection there is work of an extremely fundamental nature 
which has been done by J. W. Alexander.§ 


* See Schoenflies, Ueber einen grundlagenden Satz der Analysis Situs, 
Géttinger Nachrichten, 1902, p. 185. 

t See R. L. Moore, On the foundations of plane analysis situs, Transac- 
tions of this Society, vol. 17 (1916), pp. 131-164. An open curve is defined, 
by Moore, from a point set standpoint, asa closed connected set of points 
M such that if Pis any point of the set then M— P is the sum of two mutually 
separated connected sets. 

t See my paper, The converse of the theorem concerning the division of a 
plane by an open curve, Transactions of this Society, vol. 18, pp. 177-184. 
In a paper presented to the Society at the meeting in Chicago at Christmas 
1925, P. M. Swingle has shown that in the presence of the other conditions, 
condition (1) may be omitted in both Schoenflies’ theorem and mine. For 
an abstract of Swingle’s paper see this Bulletin, vol. 32 (1926), p. 110. 

§ See L. E. J. Brouwer, Mathematische Annalen, vol. 71 (1912), p. 314. 

|| See O. Veblen, On the decomposition of n-space by a polyhedron, Trans- 
actions of this Society, vol. 13 (1912). 

§ See A proof and extension of the Jordan-Brouwer separation theorem, 
Transactions of this Society, vol. 23 (1922), pp. 333-349. 
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The converse of the Jordan curve theorem does not hold 
in three dimensions; this can very easily be seen if one 
considers the point set obtained from a sphere by deforming 
it continuously so that diametrically opposite points are 
brought together along a diameter. The set thus obtained 
will have the property of dividing three-space into just two 
domains of which it is the common boundary and such that 
each point is approachable from both domains; the set 
cannot be put into (1-1) continuous correspondence with a 
sphere. It seems probable that, in order to obtain a 
theorem analogous to the converse theorem of Schoenflies 
for two dimensions, one will be forced to use a stronger type 
of approachability. This appears likely because in the proof 
of Schoenflies’ theorem very strong use is made of the fact 
that if A and B are points of the separating set and AXB 
and A YB are arcs lying except for A and B entirely in the 
interior and exterior, respectively, then the sum of AXB 
and A YB divides the space. This division does of course not 
hold in three dimensions and it appears probable that one 
will need an approachability, that will at least have an ana- 
logous separation property to that possessed by the arcs in 
the plane. 

Schoenflies next set himself the problem: What will happen 
if one immerses a continuous curve in a euclidean space of two 
dimensions? Of course it is not necessary that the continuous 
curve shall divide the plane, for consider merely the case 
where we have a square plus its interior.* Schoenflies 
shows that if a continuous curve divides its plane then (1) 
there are in the complement of the continuous curve M at 


* That a continuous curve should fail to divide its plane, it is necessary 
and sufficient that every maximal cyclic curve of the set should be a simple 
closed curve plus its interior. A continuous curve MM is said to be a cyclic 
curve if every pair of points belonging to the curve lie on some simple 
closed curve which isa subset of M. Acyclic curve K is said to be a maximal 
cyclic curve of the continuous curve M, if K is not a proper subset of any 
other cyclic curve belonging to M. See G. T. Whyburn, this Bulletin, vol. 
33; p.520. 
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most a finite number of maximal connected subsets* of diam- 
eter greater than a preassigned ef, [e>0], and (2) every 
point on the boundary of a complementary domain is 
approachable from all sides from the domain.{ A condition 
that is equivalent to Schoenflies’ condition (2) is furnished 
by assuming that the boundary of a complementary domain 
is regularly accessible, that is, if for every point P on the 
boundary of a complementary domain D and every preas- 
signed e[e>0], there exists a 6, such that if X is a point of 
D at a distance from P less than 6., then X and P may be 
joined by an arc in D except for P and of diameter less 
than e.§ These two properties tell us about points of the 
continuous curve which are on the boundary of a comple- 
mentary domain. But it is evident that there are continuous 
curves in which there are points not on the boundary of any 
complementary domain. Let [NV] be the set of all points of 
the continuous curve M not on the boundary of any com- 
plementary domain. Then (a) if P isa point of [V], Whyburn 
shows that for every e>0, there is in ./ a simple closed curve 
of diameter less than e which encloses P!!, and (b) M—[N], 


* A set K is said to be a maximal connected subset of a set M if K isa 
connected subset of M but is not a proper subset of any other connected 
set in M. 

{ It is interesting that this is still true if S, the euclidean plane of the 
hypothesis, is replaced by any plane continuous curve and T is a subcon- 
tinuous curve of S. It is not true, however, if S is a continuous curve in 
three dimensions. See W. L. Ayres, Concerning continuous curves and 
correspondences, Annals of Mathematics, vol. 28 (1927), pp. 396-399. 

t Suppose P is a point on the boundary of a complementary domain D 
of the continuous curve M, while A and Bare points of this boundary which 
are distinct from P. Let AXB be an arc lying except for its end points 
entirely within D while D, is any one of the subdomains of D made by 
AXB which has P on its boundary. Then, if for every point Q of D,, there 
is an arc from P to Q lying entirely except for P and Q in D,, then P is said 
to be approachable from all sides. See Schoenflies, Die Entwicklung der 
Lehre von Punktmannigfaltigkeiten, zweiter Teil, Leipzig, 1908, p. 237, for a 
proof that these two conditions form a necessary and sufficient set that a 
subcontinuum of a euclidean plane be a continuous curve. 

§ See G. T. Whyburn, Concerning continua in the plane, Transactions of 
this Society, vol.29 (1927), p.370. This paper will hereafter be referred to 
as W.T. 

|| See G. T. Whyburn, this Bulletin, vol. 33 (1927), p. 262. 
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that is, the sum of the boundaries of the complementary 
domains of M, is strongly connected if and only if [NV] does 
not separate the plane even in the weak sense.* If we have 
only condition (1) of Schoenflies’ theorem, then while result 
(b) is still true, the statement (a) must be modified because 
we can only say that for every P of [N] and every d>0, 
there exists a continuum (not necessarily a simple closed 
curve), of diameter less than d separating P from all the 
points of the plane at a distance from P greater than d, 
and M 1s connected im kleinen at P. Thus whenever condition 
(1) of Schoenflies’ theorem holds and (2) fails, then all the 
points at which the continuum fails to be connected im 
kleinen, lie on the boundary of some complementary domain. 
The conditions of Schoenflies, while necessary and sufficient 
that a two-dimensional continuum bea continuous curve, are 
neither necessary nor sufficient for a continuum in euclidean 
space of three dimensions. This has been shown by R. L. 
Moore. 

Let us now consider two points A and B (A and B may or 
may not be points of the continuous curve /) which have the 
property that every arc from A to B contains a point of M, 
different from A and B. Under these circumstances (a) 
there is a simple closed curve lying in M which separates 
A from Bt and (b) while every arc from A to B must contain 
at least one point of M, it is always possible to join A and B 
by an arc that does not separate M.§ It follows from (a) 


* See G. T. Whyburn, this Bulletin, vol. 33 (1927), p. 389. 

t See R. L. Moore, Concerning the relation of a continuous curve to its 
complement in three dimensions, Proceedings of the National Academy, vol. 
8 (1922), pp. 33-38. 

t This result was obtained for the case where both A and B belong to 
the complement of M, by R. L. Moore. See Concerning continuous curves 
in the plane, Mathematische Zeitschrift, vol. 15 (1922), p. 159. The case 
where A and B do not belong to the complement of M was handled by 
C. M. Cleveland, Concerning points of a continuous curve that are not 
accessible from each other, Proceedings of the National Academy, vol. 13 
(1927), pp. 275-276. 

§ See R. L. Moore, Concerning paths that do not separate a continuous 
curve, Proceedings of the National Academy, vol. 12 (1926), p. 745. 
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that no acyclic continuous curve* divides its plane. Wilder 
has shown that every subcontinuum of the boundary of a 
complementary domain of a continuous curve is itself a 
continuous curve.f 

The papers, which we have mentioned so far, have con- 
sidered the continuum as given and have asked the question: 
What can be said of the complementary domains and their 
relation to the continuous curve and its subsets? Then there is 
also the inverse problem of having a domain given and asking 
under what conditions the boundary of a single domain shall 
be a continuous curve or some particular type of continuous 
curve. Carathéodory first obtained conditions under which 
the boundary of a single domain will be a simple closed 
curve.{t In his treatment, conditions are imposed both upon 
the boundary and on the relation of the domain to the 
boundary. In 1918, R. L. Moore found conditions on the 
domain, without any reference to the boundary, these conditions 
being necessary and sufficient that the boundary of the 
domain be a simple closed curve. The condition is that the 
domain be uniformly connected 1m kletnen, that is, for every 
e>0, there exists a 6 such that if X and Y are two points of 
the domain at a distance from one another less than 6, then 
they can be joined by a connected subset of the domain of 
diameter less than ¢.§ He afterwards proved that if one 
requires that the boundary of a simply connected domain be 
merely a continuous curve instead of specifying that it be the 
particular type of continuous curve known asa simple closed 
curve, then the condition of being uniformly connected im 
kleinen may be replaced by a weaker requirement, namely 


* An acyclic continuous curve is a continuous curve that contains no 
simple closed curves. This term was first introduced by H. M. Gehman. 
Menger and a number of foreign writers call the same sets “Baumkurven.” 

T See W. F., loc. cit., Theorem 11, p. 361. 

t See C. Carathéodory, Mathematische Annalen, vol. 73 (1912-1913), 
p. 366. 

§ See R. L. Moore, A characterization of Jordan regions by properties 
having no reference to their boundaries, Proceedings of the National Academy, 
vol. 4 (1918), pp. 364 370. 


| 
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that of having the S-property,* that is, that for every 
e[e>0] the set may be expressed as the sum of a finite number 
of connected sets of diameter less than e.t Conditions equiva- 
lent to the assumption of the S-property for the domain 
have been given by Wilder and Whyburn but in both cases 
the conditions are of a different character from those of 
Moore in that they place restrictions on the boundary while 
Moore’s are upon the domain alone. The condition of 
Wilder is that every connected subset of the boundary be 
connected in the strong senset while Whyburn’s is that 
every point of the boundary be accessible from all sides 
from D, the domain.§ Whyburn also shows that a necessary 
and sufficient condition that a continuous curve M be the 
boindary of a connected domain is that, if J denotes any 
simple closed curve in M, then (1) J+J or J+E£, where J and 
E denote respectively the interior and exterior of J, contain 
M as a subset and (2) if A and B are any two points of 
J, then M—(A+B) is not connected.|| 

There is still a third type of problem that must be con- 
sidered under the general heading of the separation of the 
plane by continuous curves. The papers which we have 
discussed have either (a) taken a given continuous curve and 
examined its complement or (b) considered a domain as given 
and hunted for conditions under which the boundary was a 
continuous curve. The problem in the second case is equiva- 
lent to that of being given a domain and asking under what 
conditions the maximal connected subsets of the comple- 
ment are continuous curves. In both cases the separating set 
was either given or was found by taking certain limiting 
points of sets that were given. Let us now consider the 
problem where the sets to be separated are given and the 


* See W. Sierpinski, Sur une condition pour qu’un continu soit une courbe 
jordanienne, Fundamenta Mathematicae, vol. 1 (1920), pp. 44-60. 

{¢ See R. L. Moore, Concerning connectedness im kleinen and a related 
property, Fundamenta Mathematicae, vol. 3 (1922), pp. 232-237. 

t See W. F., loc. cit., Theorem 19, p. 375. 

§ See W. T., loc. cit., p. 370. 

|| See W. T., loc. cit., Theorem 6, p. 380. 
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dividing sets must be found and can in general not be 
found by merely taking limit points of sets that are already 
given. 

In 1905, Zoretti showed that if K is a bounded maximal 
connected subset of a plane closed set M and € is any positive 
number, then there exists a simple closed curve J enclosing 
K, passing through no point of M and such that every point 
of J is at a distance less than ¢ from some point of K.* It is 
evident that while every point of J is at a distance less than 
e from some point of K, this is not true of all points within J. 
For example K might be a simple closed curve of diameter 
greater than 2€ which is in the set 17. Moore shows that in 
the case where the set K of our hypothesis does not separate 
its plane, then in addition to Zoretti’s requirements, the 
simple closed curve J may be so constructed as to have all 
points within it at a distance less than e from some point of 
K. Thus with the use of these theorems, if K and H 
are mutually exclusive maximal connected subsets of the 
closed set M and neither K nor H separates its plane, then 
we can get a simple closed curve containing one, excluding 
the other and passing through no point of WM. If the continua 
K and H satisfy all the previous conditions except that 
instead of being mutually exclusive they may have a totally 
disconnected set 7 in common, then we can construct a 
simple closed curve that encloses K — 7 and has H—T in its 
exterior whenever K —T is connected.{ Lubben has carried 
this work further and has obtained some very interesting 
results, one of the most important of which is the set of 
necessary and sufficient conditions for the separation of two 


* See L. Zoretti, Sur les fonctions analytiques uniformes, Journal de 
Mathématiques, (6), vol. 1 (1905), pp. 9-11. 

t For a proof of these theorems see R. L. Moore, Concerning the sepa- 
ration of point sets by curves, Proceedings of the National Academy, vol. 11 
(1925), p. 469. The theorems mentioned have been for the bounded case. 
Moore also considers the case of being given a collection of unbounded 
continua and constructing open curves which shall separate sets of the 
collection. 
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sets by a simple closed curve embodied in the following 
theorem: 

If K and H are closed bounded point sets, whose common part 
T is a totally disconnected set, while K is a continuum, then 
a necessary and sufficient condition that there exist a simple 
closed curve containing a subset of T but containing no point of 
K+H-—T and separating K—T from H—T is the following: 
H-—T (1) is a subset of a complementary domain of K and (2) 
is not separated by K near T.* 

Practically nothing has been done with the corresponding 
problem in three dimensions. That the problem is an 
extremely complex one may be seen from an example in the 
work of Urysohn, in which he exhibits a closed totally dis- 
connected set J having the property that, while for every 
e>0, the set may be decomposed into a finite number of 
mutually exclusive parts each of diameter less than € and 
each of these parts enclosed in a polyhedron not cutting 
any other polyhedron of the set, zt is not always possible to 
choose these polyhedra so that each will be of genus zero. Indeed 
it may happen that the genus must become infinite as € ap- 
proaches zero. 

3. S is a Euclidean Plane and T is a Continuum or Sum of 
Continua, not necessarily Continuous Curves. Here we are met 
with a situation that may be considerably more compli- 
cated. We might expect that a certain advantage would be 
gained by regarding the continuum as the sum of certain 


* If K, H, and T are point sets, then the statement that H— KH is not 
separated by K near T means that if P is a point and C isa circle about P, 
then there exists a circle C’ with the same center such that any pair of 
points x and y of H—KH within C’ can be joined by a connected point set 
which contains no points of K and is entirely within C. See R. G. Lubben, 
The separation of plane point sets by curves, this Bulletin, vol. 32 (1926), p. 
200. For abstracts of other results by Lubben on the same general problem 
see this Bulletin, vol. 32, pp. 13, 114, and 200. 

t See P. Urysohn, Mémoire sur les multiplicités cantoriennes, Funda- 
menta Mathematicae, vol. 7 (1925), p. 121. Examples of a similar nature 
have been given by Antoine in his thesis, Sur l’homéomorphie de deux figures 
et de leurs voisinages. 
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properly chosen subcontinua analogous to the case in the 
Jordan curve theorem, where a number of the proofs depend 
very strongly on the fact that the simple closed curve is the 
sum of two arcs which have no points other than their end 
points incommon. However, this separation is not always 
possible, for we are forced to consider the case where our 
continuum may be indecom posable, that is, where it cannot be 
expressed as the sum of two distinct proper subcontinua. 
These continua were first introduced by Brouwer* and have 
been the subject of a great deal of work by Mazurkiewicz, 
Kuratowski, Knaster, Urysohn and others. With the aid of 
these continua examples have been given of continua which 
divide the plane into any finite number 2 [n23] or a count- 
able infinity of domains, every point of the continuum being 
a boundary point of each of the domains. In this connection 
it is interesting to notice that a point set K cannot be the 
common boundary of three mutually exclusive domains if 
there are in K two points A and B each of which is accessible 
from all three of these domains. { 

Let us first consider the case where we shall regard our 
continuum as a single continuum and not as split up into 
various proper subsets. We will recall the result of R. L. 
Moore, who showed that whenever two points A and B are 
separated by the continuous curve 7, then T contains a 
simple closed curve which also separates A from B. The 
simple closed curve has the property that, while it effects a 
separation of the plane between A and B, no proper subset 
of the simple closed curve will separate the plane between A 
and B. We shall say with Kuratowski that the point set K 
is an irreducible separating set of the plane between A and B, 


* See L. E. J. Brouwer, The impossibility of a linear arrangement of the 
points of an irreducible continuum, Proceedings Academy, Amsterdam, 
vol. 14 (1911), p. 144. If A and B are distinct points, then an irreducible 
continuum from A to B is defined by Zoretti as a closed connected set of 
points containing A and B but containing no proper closed connected 
subset containing both A and B. See Zoretti, Annales de 1!’ Ecole Normale, 
vol. 26 (1909). 

t See G. T. Whyburn, this Bulletin, vol. 32 (1926), p. 200. 
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whenever K divides the plane into two or more mutually 
separated sets such that A and B belong to distinct sets but 
no proper subset of K effects such a separation between A 
and B. While K may be an irreducible separating set of the 
plane between A and B, there may be a different pair of 
points of the complement of K which can be separated by a 
proper subset of K, as is illustrated by the following example: 


A 


FicureE 1. 


A set is said to be a completely irreducible separating set of the 
plane if the set K divides the plane between some pair of 
points but no proper subset of K divides the plane between 
any pair of points. Kuratowski has proved that: 

(1) Every continuum separating the plane between A and B 
contains an irreducible separating set K between A and B 
and this set K is a continuum. 

(2) Every continuum which divides its plane into at most a 
finite number of complementary domains contains a com- 
pletely irreducible separating set.* 


* B. Knaster has given an example of a continuum which separates its 
plane into a countably infinite set of domains but contains no completely 
irreducible separating set. See Quelques coupures singuliéres du plan, 
Fundamenta Mathematicae, vol. 7 (1925), pp. 264-289. 
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(3) Every completely irreducible separating set is either 
an indecomposable continuum or the sum of two continua 
each irreducible between the same pair of points. If the plane 
is divided into more than two domains by the irreducible 
separating set, then the set is either an indecomposable 
continuum or the sum of two such continua.* 

Suppose we take a continuum, containing more than one 
point, which has the property that for every subset K of M 
that is connected, the set 1/—K is connected in the weak 
sense. I have proved that every such continuum is a simple 
closed curve.f If instead of assuming that K is any connected 
subset of M, we restrict ourselves to the case where K is a 
closed connected subset of M then 

(1) I have shown that, if the plane continuum M is not 
indecomposable and M—K is connected in the weak sense, 
then M must divide its plane and in case M is a continuous 
curve, then M must be a simple closed curve.f 

(2) Kuratowski has shown that if in this case we assume 
that \/ —K is connected in the strong sense, then K must be a 
simple closed curve.§ Kuratowski’s result is no longer true if 
we merely say that 1/—K is connected in the weak sense. 
Consider the set composed of y=sin(1/x) [0<x<1/7], the 
Y-axis between (0, +1) and (0, —1) and an arc from (0, —1) 
to (1/7) which has no point except its end points in common 
with the other sets. This set is connected in the weak sense 
after the removal of the set consisting of the portion of the 


*Fora proof of these results of Kuratowski, see Sur les coupures irré- 
ductibles du plan, Fundamenta Mathematicae, vol. 6 (1924), pp. 130-146. 
Results of a similar character were announced by G. A. Pfeiffer but never 
published. For an abstract of Pfeiffer’s results, see this Bulletin, vol. 29 
(1923), p. 151. 

t See my paper Closed connected sets which remain connected upon the 
removal of certain connected subsets, Fundamenta Mathematicae, vol. 5 
(1924), pp. 3-11. 

t See my paper, Concerning the division of the plane by continua, Pro- 
ceedings of the National Academy, vol. 10 (1924), pp. 176-177. 

§ C. Kuratowski, Contribution a l'étude de continus de Jordan, Funda 
menta Mathematicae, vol. 5 (1924), pp. 119-122. 
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Y-axis between the origin and (0, —1) but not connected in 
the strong sense. ' 

R. L. Wilder has investigated the properties of sets M 
which are connected and remain connected upon the removal 
of any connected subset, when one omits the condition that 
the set is closed. Such sets he calls guasi-closed curves. It is 
found that (1) if A and B are any two distinct points of M, 
then M is the sum of two sets M,; and Mz each of which 
contains A and B, is irreducibly connected from A to B 
and such that M,—(A—B) and M.—(A—B) are mutually 
separated sets, (2) M separates the plane, and (3) if M is 
connected im kleinen at all its points, then M is a simple 
closed curve. The last result is particularly interesting as it 
gives a characterization of a simple closed curve in which the 
property of being closed is not assumed.* 

Using the notion of prime parts of a continuumf, intro- 
duced by Hahn, R. L. Moore has further shown that if the 
plane continuum M has more than one prime part and no one 
of its prime parts separates the plane, then a necessary 
and sufficient condition that S— M should be the sum of just 
two mutually exclusive domains of which M is the common 
boundary, is that for every subcontinuum K of M, M—K is 
connected. Under the same hypothesis, in order that S— M 
shall be the sum of two mutually exclusive domains such that 
each prime part of M will contain at least one limit point of 
each domain, it is necessary and sufficient that M be a simple 
closed curve of prime parts in the sense that it is discon- 
nected by the omission of any two of them which are not 


* The results mentioned in (1) and (2) were presented at the Inter- 
national Mathematical Congress at Toronto and will appear in the Pro- 
ceedings of that Congress. The one marked (3) is found in abstract in this 
Bulletin, vol. 32 (1926). 

{ If P is a point of a continuum K, then the prime part of K, which 
contains P is defined by Hahn as the set of all points [X] such that for 
every positive number e[e>0], there exists a finite number of irregular 
points of K, X1, Xo, X3, +--+, Xn, such that X, is P, X,, is X and for every 
1 the distance X; to X;,; is less than e. A point is said to be an irregular 
point of K, if K is not connected im kleinen at the point. See Hans Hahn, 
Ueber die irreducible Continua, Wiener Berichte, vol. 130 (1921). 
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identical.* Whyburn has also proved that if a bounded closed 
set separates the plane in the weak sense but no proper 
subset does so, then the set must be a simple closed curve. 

In this connection I wish also to call attention to an ex- 
tremely interesting result of Urysohn, who has proved that if 
K is the common boundary of two connected domains in 
space of three dimensions and T is a totally disconnected 
subset of K (that is, a set which contains no connected sub- 
sets other than single points) which is closed, then K—T 
must be connected.f 

Let us now consider the case where T is the sum of two 
or more continua. The first result in this direction is the 
famous Brouwer-Phragmen theorem, which states that if A 
and B are any two closed bounded sets, which have no points 
in common and neither of which disconnects the plane, then 
their sum cannot separate the plane. Mazurkiewicz in vol- 
ume 3 of the Fundamenta has proved the unbounded case of 
the Brouwer-Phragmen theorem. 

This fundamental result has been extended as follows. 

(a) By a young Polish mathematician, Strasziewicz, who 
shows that the theorem also holds if we allow the common 
part to be connected.{ This result is also contained implicitly 
in the work of Miss Mullikin.§ 

(b) By Miss Mullikin, who shows that if A2, Asa, 
is a countable set of closed sets, no one of which separates 
the plane, then their sum cannot do so.|| 


* For the first of these results see Concerning the common boundary of 
wo domains, Fundamenta Mathematicae, vol. 6 (1925), p. 203. 

t See P. Urysohn, Mémoire sur les multiplicités cantoriennes, Funda- 
menta Mathematicae, vol. 7 (1925), pp. 103-119. 

t See S. Strasziewicz, Ueber eine Verallgemeinerung des Jordan’schen 
Kurvensatz, Fundamenta Mathematicae, vol. 4 (1923), pp. 129-135. 

§ See Transactions of this Society, vol. 23 (1922). 

|| Loc. cit., Theorem 3, pp. 148-155. A new proof of this interesting 
theorem has been given by Mazurkiewicz in Fundamenta Mathematicae, 
vol. 6, pp. 37-38. This theorem is closely connected with a theorem of 
mine Concerning the complement of a countable infinity of point sets of a 
certain type, this Bulletin, vol. 23, pp. 290-292. For extensions of my 
theorem see the abstract of a paper by R. L. Wilder, this Bulletin, vol. 33 
(1927), p. 388. 
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For the extension of the Brouwer-Phragmen result to 
n dimensions there is an extremely interesting result by 
Alexandroff which may be stated as follows. 

Suppose that in euclidean space of n dimensions, we have 
two closed sets F, and F2, neither of which decomposes the space. 
Then tf the common part of these sets is of dimension* not greater 
than n—3 the sum F,+ F, cannot decompose the space E,. The 
common frontier of two connected domains of E,, is a cantori- 
an multiplicity of dimension n—1.t 

There is also a theorem closely related to the preceding 
extensions of the Brouwer-Phragmen theorem, in which we 
are given some further information about points in the 
sum. The theorem is one of Gehman’s and is as follows. 
If N is a closed bounded set consisting of a collection of 
connected sets (£), each of which is a maximal connected 
subset of NV, no one of which separates the plane S, and no 
more than a finite number are of diameter greater than any 
preassigned positive number, then N cannot separate the 
plane and moreover if a point P of a maximal connected 
subset e of E is accessible from S—e, then P is accessible 
from S—N.t 

The theorems of the present section have been negative 
theorems in the sense that they have told us that when the 
individual sets have certain properties, then the sum cannot 
decompose the plane. When we look for theorems of a positive 
type, we are first met by the results of Janiszewski and Miss 
Mullikin, who working independently obtained the following 
important results. 

(a) If A and B are closed and connected bounded sets, neither 
of which disconnects the plane, and have a common part which is 
not connected, then their sum must disconnect the plane. 


* This concept will be defined in the next section of the present paper. 

7 See P. Alexandroff, Comptes Rendus, vol. 183, p. 722. A cantorian 
multiplicity is defined by Urysohn as a continuum which remains con- 
nected upon the removal of any closed set of dimension not greater than 
n—2. 

ft See H. M.Gehman, Concerning acyclic continuous curves, Transactions 
of this Society, vol. 29 (1927), pp. 558-560. 
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(b) If the common part of A and B consists of exactly two 
maximal connected sets, then the plane is divided into exactly 
wo parts by their sum.* 

Knaster and Kuratowski have proved that these results 
remain true, if one only of the continua of the hypothesis 
is assumed bounded. When both are unbounded, then a 
necessary and sufficient condition that the sum should cut the 
plane when neither of the continua alone cut it, is that their 
common part should contain a maximal connected set which 
is bounded.f Strasziewiczt has also proved that if the 
common part reduces to exactly » maximal connected 
sets which are maximal, then there are exactly » comple- 
mentary domains. Still other results in this connection have 
been given by Mrs. Nikodym.§ 

Rosenthal has considered a closely related question. He 
1eplaces the assumption that neither A nor B divides 
the plane by the following. Both A and B are continua which 
are irreducible between the same pair of points a and b and 
which have no other points in common. His principal result 
is that the complement of the sum with respect to its plane 
consists of two principal domains (Hauptgebiete), each of 
which has the entire sum as its boundary, and possibly of 
a number of secondary domains (Nebengebiete), each of 
which has its frontier wholly in either A or B.|| W. A. Wilson 
has generalized these results by showing that this theorem 
of Rosenthal remains true if the two continua A and B 
have in common two point sets a and 8, where a-8=0, if 


* See S. Janiszewski, Sur les coupures du plan faites par continus, Prace 
Matematyczne-Fisyczne, vol. 36 (1913). This paper is in Polish and the 
results contained therein were unknown to Miss Mullikin at the time of her 
work, which was published in the previously quoted paper, pp. 154-162. 

+ See Sur les continus non-bornés, Fundamenta Mathematicae, vol. 5 
(1924), p. 36. 

t See Strasziewicz, Ueber die Zerschneidung der Ebene, Fundamenta 
Mathematicae, vol. 7 (1925), pp. 159-188. 

§ See S. Nikodym, Sur les coupures du plan, Fundamenta Mathemati- 
cae, vol. 7 (1925), pp. 14-23. 

|| See A. Rosenthal, Teilung der Ebene durch irreducible Kontinua, 
Sitzungsberichte der Miinchener Akademie, 1919, pp. 91-109. 
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each of the continua A and B is irreducible between any point 
a of a and any point 5 of 8, and both A and B are decom- 
posable or one of them is indecomposable and the other is not 
the union of two indecomposable continua. He also shows 
that the frontier of any secondary domain is part of either a 
continuum of condensation, an indecomposable continuum, 
a pair of indecomposable continua, or the union of an in- 
decomposable continuum and a continuum of condensation.* 

When we are working in three dimensions, the conditions 
of Janiszewski and Miss Mullikin are neither necessary nor 
sufficient. That the condition is not necessary may be seen 
if we consider the sets A and B, where A is the set composed 
of the great circle g of the sphere K plus one of the hemis- 
pheres cut off by g, while B is the other hemisphere plus g. 
That the conditions are not sufficient may be seen by con- 
sidering the set composed of two arcs AXB and A YB, which 
have no point in common other than A and B. In the ninth 
volume of the Fundamenta Mathematicae, Mazurkiewicz 
and Strasziewicz have obtained conditions, which are 
sufficient but not necessary that the sum of two sets, neither 
of which separates three-space, should separate the same. Let 
us first introduce several definitions. 

To every point ¢ of the interval ¢; <t<f2, we make corres- 
pond a point X(¢) and suppose that the function X(f) is 
continuous for the interval under consideration. This defines 
a continuous curve, which we shall call closed if it is true 
that X(t,;) and X(t2) are the same. Let B be a closed point set 
having no points in common with the closed continuous 
curve M. Then we shall say that M is free with respect to B, 
if there exists a function of two variables Y(t, \) defined and 
continuous for t; and S1 where 

(a) Y(t, \) has nothing in common with B for all values of 
the variables, 

(6) Y(t:, A) = Y(te, d), 

(c) Y(t, 1)=X (8), for all values of ¢ and Y(t, 0)=xo, a 


* See W. A. Wilson, this Bulletin, vol. 33 (1927), pp. 733-744. 
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constant. In case this function does not exist, then the curve 
is said to be interlaced with B. A closed set in three dimen- 
sions is said to be interlaceable if there exists a closed curve that 
is interlaced with B. 

On the basis of these definitions, the authors prove the fol- 
lowing theorems. 


THEOREM I. If A and B are closed sets neither of which 
divides three-space between the points P and Q and tf the common 
part AB is not interlaceable then their sum does not divide three- 
space between P and Q.* 


THEOREM II. Jf A and B are closed sets neither of which cuts 
three-space, then their sum cuts three-space tf their common part 
is interlaceable while neither of the sets is interlaceable.{ 


4. General Dimension Theory. Up to the present we have 
considered our containing set to be a euclidean space of 
dimensions, that is, a space satisfying, let us say, Veblen’s 
axioms for geometry with sufficient additional axioms to allow 
for the existence of »+1 points not all in the same (7 —1)- 
space, together with an n-dimensional closure axiom. We 
shall, of course, wish to speak of various sets in this n-dimen- 
sional space as having a dimension k, where k may assume all 
values from zero to . Various mathematicians have con- 
sidered this problem of assigning a dimension to subsets of 
euclidean space of m dimensions. Of course, a theory based 
on a set of axioms for euclidean geometry is bound to have 
a special character due to the interplay of the special prop- 
erties of ordinary space; and it is for this reason that the 


* Alexandroff has recently pointed out that Theorem I is a special case 
of a theorem due to Alexander. See J. W. Alexander, loc. cit., p. 342. 
Using Alexander’s methods and the notion of the Betti Numbers for a 
general closed set introduced by himself, Alexandroff has obtained inter- 
esting extensions of the Brouwer-Phragmen theorem and of the Janiszew- 
ski-Mullikin theorem. See P. Alexandroff, Zum verallgemeinerten Phrag- 
men-Brouwer’schen Satz, Fundamenta Mathematicae, vol. 11 (1928), 
pp. 222-227. 

Tt See S. Mazurkiewicz and S. Strasziewicz, Sur les coupures de l’espace, 
Fundamenta Mathematicae, vol. 9 (1927), pp. 205-211. 


— 
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founders of the recent developments in dimension theory, 
Menger and Urysohn, considered themselves immersed in a 
more general space and considered the problem of assigning 
a dimension to sets in general metric space. 

Let us consider a set of elements, Z, about which nothing is 
assumed as to their nature, and a non-negative function 
r(x, y) satisfying the following conditions: 

(1) r(x, ¥) =r(y, x); 

(2) r(x, y) =0, if and only if x and y are identical; 

(3) r(x, y) Sr(y, 2) +r(z, x). 

We shall assume that our space in addition to having the 
above distance function, which makes it a metric space, has 
the property of being compact, that is, every infinite set of 
distinct points has a limit point. 

A rather complete survey of the early attempts to define 
dimension has been given by Menger,* in which he also 
shows how each of these attempts is unsatisfactory be- 
cause it assigns a dimension to certain sets which is differ- 
ent from the dimension we would intuitively assign to it; for 
example the definition of Zoretti of a one-dimensional con- 
tinuum as an irreducible continuum would assign the dimen- 
sion one to the surface of a cube which can be a subset of an 
irreducible continuum in three dimensions. It is rather inter- 
esting to note that this problem received a satisfactory solu- 
tion almost simultaneously at the hands of two young 
mathematicians, one a Russian, Urysohn, and the other 
an Austrian, Menger. The theories of these two men are 
equivalent for compact metric spaces.} The theory of Urysohn 
might be characterized as an im kleinen while that of Meng- 
er is an im grossen theory. We shall first take up the 
Urysohn theory.{ 


* See K. Menger, Bericht iiber die Dimensionstheorie, Jahresbericht der 
Vereinigung, vol. 35 (1926), pp. 113-150. 

} For an example of a space satisfying Hausdorff’s four axioms for 
topological space and which contains a set that is two-dimensional accord- 
ing to the definition of Menger, but zero-dimensional by Urysohn’s defini- 
tion, see an article by L. W. Cohen, Comptes Rendus, 1927. 

t See P. Urysohn, loc. cit.; and also Fundamenta Mathematicae, vol.8 
(1926). 
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Let P be a point of the set C which lies in a compact metric 
space and € any positive number. Then we shall say that 
we have an e-separation of C at point P if we have the follow- 
ing conditions satisfied : 

(1) C=A+B+D, where A, B, and D are mutually ex- 
clusive sets; 

(2) A contains P; 

(3) A+B is of diameter less than e; 

(4) A and D are mutually separated sets. 

We shall now define the dimension of a point set as follows: 

(1) The dimension of the vacuous set shall be —1; 

(2) A set shall be zero-dimensional at a point P if C can be 
separated at P by a vacuous set, that is, by a set of dimen- 
sion —1; 

(3) The dimension of a point set shall be the greatest 
positive integer that occurs amongst the dimensions of its 
various points, (thus we may have sets whose dimension is 
not finite) ; 

(4) Suppose all the dimensions up to and including the 
(x —1)st have been defined; then we shall say that a set is of 
dimension at P if 

(a) The set may be e-separated at P by a set of dimension 
less than n, 

(b) The dimension of the set at P is not less than n. 

The definition of Menger is as follows: The space is at 
most m-dimensional if every two closed mutually exclusive 
sets of the set can be separated by a set which is at most 
(n—1)-dimensional. The definition given by Menger is 
practically the same as that which Brouwer gave in 1913, but 
which he carried no farther than showing that every subset of 
R,, (that is, euclidean space of m dimensions) which contains 
an open subset is m-dimensional, where an open subset is one 
whose complement is closed. The above definitions were 
discovered independently and without any knowledge of the 
definition of Brouwer. In both systems there are the neces- 
sary theorems to show that the dimension as defined leaves 
sets, to which our intuition would tell us to assign the dimen- 
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sion ”, with this dimension. As Menger points out, this defini- 
tion is already foreshadowed by Euclid when he calls the line 
that whose boundary is points, the surface that whose bound- 
ary is lines, and the solid that whose boundary is surfaces. 

To show that the dimension assigned to a point set is in 
accordance with our intuition and that no contradictions 
arise in applying it, a long series of theorems must be proved 
and in a number of cases the argument is very long and in- 
volved. The principal theorems follow: 

(1) The dimension of a point set remains invariant under 
(1-1) continuous transformations. 

(2) If Fi, Fe, Fs,--- is a countable infinity of closed sets 
each of dimension n, then the sum 1s of dimension n. 

(3) Every totally disconnected set which is closed is zero- 
dimensional. 

(4) The sum of a set of n dimensions and one of m dimensions 
1s a set of dimension not more than m+n-+1. With the use of 
this theorem it 1s proved that every n-dimensional set of a separ- 
able space (that is, a space where there is an everywhere dense 
countable set) is the sum of n+-1 but not fewer zero-dimensional 
Sets. 

(5) Every closed domain of euclidean space of n dimensions 
is n-dimensional. 

This last theorem is proved on the basis of a remarkable 
theorem due to Lebesgue, which is as follows. 

If each point of a domain of n dimensions belongs to at least 
one of the closed sets F,, F2, F3, + - -, Fx, finite in number, and if 
the sets are sufficiently small, then there is a point common to at 
least n+1 of the sets; on the other hand whatever the domain 
G, and whatever be the diameter of the sets F;, then it is always 
possible to decompose G so that each point is not common to more 
than n+1 of the sets.* 


* This theorem was first announced by Lebesgue in 1911 (Mathemati- 
sche Annalen, vol. 70, pp. 166-168). The complete demonstration of the 
theorem was found for the first time in the work of Brouwer in Crelle’s 
Journal, vol. 142 (1913). See also Lebesgue, Sur les correspondences entre 
les points de deux espaces, Fundamenta Mathematicae, vol. 2 (1921), p. 257. 
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Still more remarkable is the result announced by Menger to 
the effect that every set of k dimensions which is closed is a 
subset of some continuous curve lying in euclidean space of 
2k+1 dimensions.* 

5. Sis a Proper Subcontinuum of the Euclidean Plane and T 
is a Subset of S. For the sake of convenience we shall divide 
the material of this section as follows. 

(a) Cut Points of Continua, that is, points of a continuum 
which separate it. 

(i) Conditions for their Existence. 
(ii) Properties of the Set [C] of all Cut Points. 
(iii) Characterization of Various Types of Continuous 
Curves by Properties of their Cut Points. 

(b) Disconnection by Pairs of Points. 

(c) The Menger Curve Theory. 

(d) The Set T is a Finite Number (or Countable Infinity) 
of Continua. 

5a. Cut Points of Continua. (i) Conditions for their 
Existence. Let us consider three very simple continuous 
curves, the open curve, that is, the set of points in (1-1) 
continuous correspondence with the set of points on a straight 
line, the simple continuous arc from A to B, and the set com- 
posed of a square plus its interior. In the first every point isa 
cut point, in the second every point other than A and Bisa 
cut point, while in the third there is no cut point. When one 
is examining a continuum as to the existence or non-existence 
of cut points, it is necessary to examine only the boundaries 
of the complementary domains of the continuum, for accord- 
ing to a theorem due to G. T. Whyburn, a necessary and suffi- 
cient condition that a point P of a continuum M be a cut 
point of is that it be a cut point of the boundary of some 
complementary domain of M.{ It one takes two particular 


* See K. Menger, Allgemeine Riume und Cartesische Réume, K6nigliche 
Akademij, Amsterdam, vol. 29 (1927), Nos. 3 and 8. 

t See W. T., loc. cit., p.389. This theorem is an extension of a theorem 
published in 1925 by R. L. Moore, who showed that in order that a bounded 
continuous curve K should have no cut point, it is necessary and sufficient 
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points A and B of the continuous curve M, then that there be 
a point in M which separates A from B in M, it is necessary 
and sufficient that every two simple continuous arcs in M 
from A to B shall have a point in common different from 
A and B.* 

In 1918 Mazurkiewicz showed that (1) every continuous 
curve M which is bounded has at least two points which do 
not disconnect M in the weak sense and (2) every continuous 
curve M which contains a simple closed curve J has the 
property that J contains at most a countable set of points 
which disconnect M in the weak sense. It will be noticed that 
the points of J which disconnect M do not disconnect J. 
In these theorems the condition that M be a continuous curve 
may be replaced by the weaker condition that M be a con- 
tinuum. This follows from two theorems of R. L. Moore to 
the effect that (1) every continuum whatsoever contains at 
least two points neither of which disconnect it in the strong 
sense and (2) no continuum M (whether it be a continuous 
curve or not) contains a closed and connected set K (whether 
K is a simple closed curve or not) which contains an un- 
countable set of points each of which disconnects M but not 
K.{ It is interesting to note that Zarankiewicz has pointed 
out that the demonstration of Moore’s second theorem can be 
so modified as to apply to the case where M is merely assumed 
to be connected (bounded or unbounded). The statement of 
Zarankiewicz’s theorem is as follows. If N is any connected 


that the boundary of every complementary domain be a simple closed 
curve. See Moore, Concerning the common boundary of two domains, 
Fundamenta Mathematicae, vol. 6 (1925), p. 211. 

* See W. L. Ayres, On the separation of points of a continuous curve by 
arcs and simple closed curves, this Bulletin, vol. 33 (1927), p. 266. 

t See S. Mazurkiewicz, Un théoréme sur les lignes de Jordan, Funda- 
menta Mathematicae, vol. 2 (1921), pp. 119-130. 

t See R. L. Moore, Concerning the cut points of continuous curves and 
other closed and connected sets, Proceedings of the National Academy, vol. 9 
(1923), Epp. 101-102. This paper will hereafter be referred to as M.C.P. 
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subset of a connected set C, then the set of points of N 
which cut N without cutting C is at most countable.* 

(ii) Properties of the Set [C] of all Cut Points. A great deal 
of interesting work has been done on the set [C] composed 
of all cut points of a given continuous curve, particularly as to 
the number of such cut points and various properties pos- 
sessed by their subsets. 

Zarankiewicz has shown that the set [C] is a set F,, 
that is, the sum of a countable infinity of closed sets.¢ If we 
consider the subset [B] of all points of [C] such that for 
every point b of [B], 1 —b is neither connected or the sum of 
two connected sets, then [B] is finite or countably infinite.{ 
This theorem is proved merely on the assumption that M is 
connected. In case that M is an acyclic continuous curve, 
the set |B] becomes the set of branch points of M,and hence 
the theorem contains the result of Menger that the branch 
points of an acyclic continuous curve are at most countable.§ 

G. T. Whyburn has proved in his thesis a number of 
interesting theorems concerning the properties of the sub- 
continua of [C], the most striking of which are the following. 

(1) If [H] denotes the set of end points|| of the continuum 
M while |T| is any countable subset of M, then every bounded 


*See C. Zarankiewicz, Sur les points de division dans les ensembles 
connexes, Fundamenta Mathematicae, vol. 9 (1927), Theorem 9, p. 140. 
This paper will hereafter be referred to as Z.F.M. 

+ See Z.F.M.., loc. cit., Theorem 17, p. 163. 

t See C. Kuratowski and C. Zarankiewicz, A theorem on connected sets, 
this Bulletin, vol. 33 (1927), pp. 571-575. 

§ See K. Menger, Ueber regulare Baumkurven, Mathematische Annalen, 
vol. 96 (1926), p. 574. A point p is said to be a branch point of an acyclic 
continuous curve if there exist in the curve three arcs 1, L2, and L; such 
that Li. 

|| If M is a continuous curve, then an end point of M is defined by 
Wilder as a point P such that, whenever a is an arc from P to any point 
P’ of M, then the set M—(a—P) contains no connected subset which 
contains more than one point and contains P. See W.F., loc. cit., p. 358. 
As applied to continua in general, Whyburn defines the term end point as 
follows. The point P is said to be an end point of the continuum M provided 
it is true that if N is any subcontinuum of M which contains P, then P 
is not a limit point of any connected subset of M—N. 
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continuum which is a subset of [C|+[H]+[T] is an acyclic 
continuous curve.* 

A closely related result is that due to Zarankiewicz in which 
he shows that in a continuous curve M, if K is any con- 
stituent off [Cc], the set of cut points of M, then K, that is, 
the set K plus its limit points, is an acyclic continuous curve. 

(2) For every positive number e, [C| does not contain more 
than a finite number of continua of diameter greater than e. 

Zarankiewicz shows a slightly more general result in that 
he proves that you may replace “continua” by constituents 
and further shows that the constituents of diameter greater 
than e lie on an acyclic continuous curve which is a subset of 

(3) If [C], [H] and [N] denote, respectively, the cut points, 
end points and simple closed curves in M, then M is the sum of 
these three sets. 


(4) If K is any connected subset of the set |C], then in order 
that K should be an acyclic continuous curve, it is necessary and 
sufficient that every point of K be either an end point or a cut 
point of M. 

The result of Zarankiewicz mentioned under (1) above 
shows that for the case where K is a maximal connected 
subset of [C] which is connected in the strong sense, K is 
always an acyclic continuous curve. 


* This result is Theorem 9 of W.T., loc. cit., p. 383. Whyburn’s result 
is not only for the case where M is a continuous curve but for the more 
general case where M is any plane continuum. C.M.Cleveland announced 
the special case of Whyburn’s result where the subset considered is a 
maximal connected subset of the cut points [C] of a continuous curve. 
See this Bulletin, vol. 32 (1926), p. 420. 

+ According to Kuratowski, the constituent of a point p in a point set 
P, is the set of all points of P which lie together with p in a closed connected 
subset of P. 

t See C. Zarankiewicz, Sur la structure d’un ensemble de points de 
division dans les continus de Jordan, Bulletin de 1’Académie Polonaise des 
Sciences et des Lettres, 1926, p.362. This paper will be referred toas Z.P.B. 

§ See Z.P.B., loc. cit., Theorems 2 and 3. 
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(5) If K denotes the set of all cut points of the boundary of a 
complementary domain D of a continuous curve M, then the sum 
of D and K is uniformly connected im kleinen.* 

(6) Suppose A and B are two points of a continuous curve M 
and |K| denotes the set of all points which separate A from B 
tn M. Under these conditions, 

(i) A+[K]+B is a closed set; 

(ii) If tis any arc of M from A to B and S ts any maximal 
segment of t—(A|[K]B), then M contains a maximal cyclic curve 
which contains S. 

(7) If any cut point of M is a point at which some continuum 
of M is not connected im kleinen, then P is on some simple 
closed curve in M and the set of all such points is countable. 

(iii) Characterization of Various Types of Continuous 
Curves by Properties of their Cut Points. The first sets to be 
characterized by their cut points were simple continuous 
arcs. In 1916, Sierpinski showed that an arc is a bounded 
set, containing more than two points such that for every 
point of the set except two, the set is the sum of two closed 
sets which have only the point P in common.{ In the 
Sierpinski characterization the boundedness assumption is 
essential. Moore has given another set of conditions in which 
the boundedness is not assumed but more information is 
required about the connectedness than was assumed by 
Sierpinski. Moore’s theorem is to the effect that if the con- 
tinuum M contains two points A and B such that (1) M—A 
and M—B are connected, (2) M—P is not connected if 
A+P#B, then M is a simple continuous arc from A to B. 


* The results listed above are Theorems 9, 14, 22, 13, and 4, respectively, 
of W.T. 

t For results (6) and (7), see this Bulletin, vol. 33 (1927), p. 520. 

t See S. Sierpinski, L’arc simple comme un ensemble de points dans 
l’espace 4 m dimensions, Annali di Matematica, (3), vol. 26, pp. 131-150. 
As R. L. Moore pointed out, it is implicitly assumed that the two ex- 
ceptional points do not cut. 
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If the boundedness is assumed then condition (1) may be 
omitted.* 

An open curve, that is, the set of all points in (1-1) con- 
tinuous correspondence with the straight line, is charac- 
terized as a continuum M which, whenever P is a point of the 
set, then M—P is the sum of two mutually separated con- 
nected sets.f If one considers a continuum consisting entirely 
of cut points and does not impose the restriction that the sets 
into which P separates M are connected, then I have shown 
that M must be (1) a continuous curve, (2) every point P of 
M is on an open curve of M, and (3) within any circle there 
are at most a finite number of points from which more than 
two rays of an open curve depart in M.f 

In order that a bounded continuum be an acyclic continu- 
ous curve it is necessary and sufficient that any one of the 
following conditions be satisfied: (a) Every subcontinuum 
should contain a non-denumerable set of points each of 
which disconnects M in the strong sense;§ (b) If K denotes 
the set of all points of M which do not cut M, then no subset 
of K disconnects M in the weak sense;|| (c) The set of all 
non-cut points shall be totally disconnected in the strong 
sense. 


* See R. L. Moore, Concerning simple continuous curves, Transactions 
of this Society, vol. 21 (1920), p. 335. 

t See R. L. Moore, On the foundations of plane analysis situs, Tran- 
sactions of this Society, vol. 17 (1916), p. 159. 

t See my paper, Closed connected sets that are disconnected by the removal 
of a finite number of points, Proceedings of the National Academy, vol. 9 
(1923), pp. 7-12. 

§ See M.C.P. 


|| See W. T., loc. cit., Theorem 32, p. 400. This is an extension of a 
theorem of R. L. Moore, who proved it under the assumption that M isa 
continuous curve. 


q A set of points K is said to be totally disconnected in the strong sense 
if it does not cease to be totally disconnected upon the addition of a count- 
able set of points. Thus the set of irrational points on a straight line is 
totally disconnected but fails to be totally disconnected in the strong 
sense. See C, Zarankiewicz, Z.F., loc. cit., p. 18. 


| 
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A continuous curve is said to be two-way continuous if for 
every pair of points in the set there exist at least two arcs 
joining the two points, neither of which is a subset of the 
other; it is cyclically connected if every two points of the 
set lie together on some simple closed curve of the set. Every 
cyclically connected continuous curve is two-way continu- 
ous but not conversely as may be seen if we consider the set 
composed of two circles which are tangent externally. In 
order that a continuous curve may be two-way continuous, 
it is necessary and sufficient that any one of the following be 
satisfied: (a) every arc contains a non-cut point or (b) the 
set of all cut points contains no continuum. It is true that 
the boundary of every complementary domain of a two-way 
continuous curve is itself two-way continuous.* The fact 
that a continuous curve has absolutely no cut points is a 
necessary and sufficient condition for the curve to be cyclic- 
ally connected. f 


5b. Disconnection by Pairs of Points. The best example of 
a continuous curve that is separated by every pair of points 
is the simple closed curve. A bounded continuum M will 
be disconnected by the omission of two of its non-cut points, 
A and B, if and only if there exist two complementary do- 
mains such that A and B are both accessible from each of 
these domains.{ It is of interest to note that for points 
which go to make up disconnecting pairs, the following 
theorem similar in most respects to the corresponding the- 
orem for cut points holds: no continuum M has a sub- 
continuum K which contains an uncountable infinity of 
points such that if x and y are any two points of K, then M@ 
but not K is disconnected by the omission of x and y. The 
fact that the boundary of a connected domain contains a 


* See G. T. Whyburn, Two-way continuous curves, this Bulletin, vol. 32 
(1926), pp. 659-663. 

¢t See G. T. Whyburn, Cyclically connected continuous curves, Proceed- 
ings of the National Academy, vol. 13 (1927), Theorem 1, p. 31. 
t See G. T. Whyburn, this Bulletin, vol. 33 (1927), p. 388. 


= 
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noncountable infinity of points such that the omission of any 
pair of them disconnects the boundary is a necessary and 
sufficient condition that the boundary be a continuous 
curve.* 

Let us consider a continuum M, such that for M there 
exists a positive integer k such that (1) M is disconnected 
by the omission of any k of its points but (2) there exists 
no set of 7[j<k] points which disconnects M. Every such 
continuum is a continuous curve. We have previously dis- 
cussed the case k=1. If k=2, then M isa simple closed curve. 
There are no sets that satisfy these conditions for k>2.t 
In my result the boundedness is not assumed. If one assumes 
boundedness then in the case where k=2, my condition 
(1) may be omitted ;{ while if we assume that M is connected 
im kleinen, then in the presence of my conditions (1) and (2) 
we may dispense with the condition that M is closed and 
still have the set necessarily a simple closed curve.§ 


5c. The Menger Curve Theory. Menger reserves the name 
“curve” for a bounded closed connected set of points K 
which has the property that for every point P of K and 
every e>0, there exists a neighborhood of diameter less 
than e about point P, whose boundary contains no con- 
tinuum. As the boundary is closed and contains no continua 
(other than single points) it follows that the boundary must 
be zero-dimensional|| and the curve a one-dimensional set 
if we are dealing with compact metric spaces. In the eucli- 
dean plane Menger’s curves would consist of those continua 


* See G. T. Whyburn, Concerning the disconnection of continua, Funda- 
menta Mathematicae, vol. 10 (1927). 


+ See my paper Closed connected sets that are disconnected by the removal 
of a finite number of points, Proceedings of the National Academy, vol. 9 
(1923), pp. 7-12. 


ft See R. L. Moore, Concerning simple continuous curves, loc. cit., p. 342. 
§ See R. L. Wilder, this Bulletin, vol. 33 (1927), p. 388. 
|| See P. Urysohn, loc. cit., p. 75. 
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which contain the interior of no domain.* Thus Menger’s 
“curves’’ do not include all the sets which are included under 
the term ‘“‘continuous curve,’? where, as is well known, a 
square and its interior may be included. 

If for a point P of the curve K, there exists for every e 
[e>0] a neighborhood about P of diameter less than e, 
whose boundary consists of a finite number of points, then 
P is called a regular point of the curve. If to a point P of 
the curve K a number » can be attached so that for every e 
[e>0], there exists a neighborhood about P of diameter 
less than e whose boundary consists of not more than 2 
points, then P is said to be of order not greater than n. A 
point is of order exactly n, if n is the smallest positive integer 
with the property that for every preassigned e we may find 
a neighborhood of diameter less than e whose boundary 
consists of exactly ” points. The regular points to each of 
which we can assign no positive integer as its order (i.e. the 
points for which it is possible to find a neighborhood consist- 
ing of a finite number of points for every preassigned e but 
where the number of boundary points becomes infinite as e 
approaches zero) will be called points of continually increasing 
order. In like manner we can define the points of countable 
order and the points of the order c of the continuum. 

Menger proves that (1) the points of order higher than the 
first are everywhere dense on K and form a set F,, which 
contains continua in every non-vacuous open subset of the 
curve, (2) the set of end points of K is either vacuous or zero- 
dimensional, (3) in order that a continuum should be a 
connected im kleinen curve, it is necessary and sufficient that 
for every e[e>0O], K be the sum of a finite number of con- 
tinua each of diameter less than e and such that no two have 
a continuum in common; if any two have at most a count- 


* In this connection see the abstract of a paper by R. L. Moore in 
which he shows that a necessary and sufficient condition that a point set 
shall contain no domain is that for every two points of the set M there 
exist a totally disconnected subset of M which separates these two points 
in M. See this Bulletin, vol. 32 (1926), p. 218. 
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able set in common, then the curve is a continuous curve 
without any points of order c.* 

In a later article Menger shows that every regular curve 
contains for every point P of order n, arcs which have P 
as one end point and are otherwise mutually exclusive; for 
each point of order continually increasing, there are a count- 
able infinity of arcs ending in P, otherwise mutually exclusive, 
and such that the diameters of these arcs can be arranged in 
a sequence converging to zero. The order of a point of a 
regular curve is thus the greatest integer m such that there 
can be found in the curve an acyclic continuous curve con- 
sisting of m arcs having P and only P in common. 

An interesting complement to the result of Menger just 
mentioned is a theorem by N. E. Rutt to the effect that if 
A and B are points of the continuous curve M having the 
property that it is possible to find m arcs AX;B (t=1, 2, 
3,---,m) having no points in common except A and B, 
then there exist in M a set of points P,, P2,---, P,, such 
that A and B are separated in M by the omission of these 
points. f 

If K is any curve which lies in a compact metric space, 
then according to Menger there is in euclidean space of 
three dimensions a continuous curve M which contains a 
subset which is in (1-1) continuous correspondence with 
K.§ If the curve K is acyclic, then the set can be found in 
euclidean space of two dimensions.|| 


* The above mentioned results are contained in Menger’s paper, 
Grundziige einer Theorie der Kurven, Mathematische Annalen, vol. 95, 
pp. 277-306. 

ft See Zur allgemeine Kurven Theorie, Fundamenta Mathematicae, 
vol. 10 (1927), pp. 96-115. 

t See N. E. Rutt, this Bulletin (abstract), vol. 33 (1927), p. 415. 

§ See K. Menger, Allgemeine Réume und Cartesische Réume, Konigliche 
Akademij, Amsterdam, vol. 29, pp. 476-482. 

|| See M. Wazewski, Sur les courbes de Jordan ne renfermant aucune 
courbe simple fermée, Annales de la Société Polonaise de Mathématiques, 
1924, p. 49. See also H. M. Gehman, Concerning acyclic continuous curves, 
Transactions of this Society, vol. 29 (1927), Theorem 1. 
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5d. The Set T is a Finite (or Countably Infinite) Set of 
Continua. Most of the characterizations of continuous 
curves that have been mentioned up to this time, have been 
based upon the property that certain points or sets of points 
can be connected in a manner which has been prescribed. 
However, in 1925, Moore published a characterization, the 
basic idea of which rests on the ability to separate pairs of 
points in a certain manner; the result is that a necessary and 
sufficient condition that a plane continuum be a continuous 
curve is that, for every two points A and B of the set, 
there exist a finite number of continua which separate A 
from B in the set.* According to a theorem due to W. L. 
Ayres, this disconnection can be made by a set of n arcs, 
whenever is the number of maximal connected subsets of 
M—(A+B) which have A and B both as limit points. f 

We will recall Miss Mullikin’s result to the effect that if 
Ai, Az, Azs,-*+ is a countable infinity of closed sets no 
one of which disconnects its plane S, then the sum cannot 
disconnect S. Now, if instead of S, we substitute a proper 
subcontinuum of the plane and let the A’s be subsets of 
this continuum, then our theorem is no longer true. For 
example, a circle is not disconnected by the omission of any 
one of its points but is disconnected by the omission of a 
countable infinity of them; indeed two suffice to make the 
separation. Moore, in considering an extension of Miss 
Mullikin’s result, introduced the concept of semi-continuous 
collections of continua.t 


* See R. L. Moore, A characterization of a continuous curve, Fundamenta 
Mathematicae, vol. 7 (1925), p. 303. 

7 That the number of such maximal connected subsets is finite follows, 
with suitable modification, from the previously quoted theorem of Ayres 
to the effect that if a subcontinuous curve N is subtracted from the con- 
tinuous curve M, then M—N contains at most a finite number of maximal 
connected subsets of diameter greater than a preassigned e>0. 

t If A and B are distinct points, then let r(A,B) denote the distance 
from A to B. If A isa point not in the continuum gq, then the distance 
from A to q, which we shall denote as 7(A,q), shall be the lower bound of 
all numbers r(A, Y) for all points Y of g. If p and g are continua, then the 
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Moore proves that, if in a plane S, M is a bounded con- 
tinuum which does not separate S and G is a countable col- 
lection of subcontinua of M, no one of which separates M, 
then if the collection is upper semi-continuous, the sum 
cannot disconnect M. He further shows that if M is a con- 
tinuous curve and two particular points A and B are not 
separated by any one of the upper semi-continuous collection 
of subcontinua G, then the set of all continua G does not 
separate A from B in M.* He next considers a plane S every 
point of which belongs to some continuum of the mutually 
exclusive set of continua G; then, if (1) the collection of 
continua is upper semi-continuous and (2) no one of them 
separates the plane, we may regard each continuum as a 
point and, defining region suitably, we will find that every 
axiom of his set for plane analysis situs is satisfied, if the 
space S is interpreted to mean the collection of continua G. 
Thus the set of elements G is topologically equivalent to 
the set of points of a plane S.f 

Whyburn takes any plane connected set M and considers 
the case where M is separated into two mutually separated 
sets M, and Mz, by the omission of 7 of its connected subsets 
As, ---,A,. Then he shows that (1) M;[i=1, 2] 4+D04; 
is the sum of at most ” mutually separated connected sets 
and furthermore (2) if 4@,+A:i+Ae+--- +A, is the sum 


lower distance from p tog, /(p,q), shall be the lower bound [and the upper 
distance is the upper bound] of the distances r(X,q) for all points X of p. 
A collection of continua G is said to be upper semi-continuous if whenever 
p is a continuum of the collection G and fy, po, ps3, - + + is a sequence of 
continua of G such that the lower distance from p, to p approaches zero 
as n becomes infinite, then the upper distance from p, to p does so also. 

*See R. L. Moore, Concerning upper semi-continuous collections of 
continua which do not separate the plane, Proceedings of the National 
Academy, vol. 10 (1924), pp. 356-360. 

t See R. L. Moore, Concerning upper semi-continuous collections of 
continua in the plane, Transactions of this Society, vol. 27 (1925). This 
concept has also been the basis of extremely interesting work by Alexan- 
droff, Victoria and others. 
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of k such sets, then M2+Ai1+A:2--- +A, is the sum of 
at most »—k+1 mutually separated connected sets.* 

There is an interesting class of connected sets, that are 
not closed, known as biconnex sets. These sets are the con- 
nected sets which cannot be expressed as the sum of two 
proper subsets which are connected, thus furnishing for 
connected sets that are not closed an analogue to the inde- 
composable continua in the closed connected sets. Knaster 
and Kuratowski gave an extremely interesting example of 
a biconnex set B, having the further property (6) that there 
is in B a point P, such that B—P contains no connected 
subsets other than single points (a connected set which, we 
might say, is “exploded” upon the removal of a single point). f 
Whether every biconnex set contains such an “explosion 
point” is still unknown;{ every connected set having such 
a point is biconnex and no biconnex set can have more than 
one such point.§ A study of sets H belonging to a connected 
set K and having the property that K—H contains no 
connected sets other than single points has been made by 
R. L. Wilder,|| who calls them “dispersion sets.” 


6. Concluding Remarks. As is evident from the matter 
presented in this paper, our knowledge of separation proper- 
ties of sets immersed in three or more dimensions is com- 
paratively limited. Here is an extremely interesting and 
important field that is practically untouched. Among the 
various questions that might be considered, we will mention 
the following. 


* See G. T. Whyburn, this Bulletin, vol. 33 (1927), p. 388. 

+ See Knaster and Kuratowski, Sur les ensembles connexes, Fundamenta 
Mathematicae, vol. 2 (1921), p. 241. 

t See Fundamenta Mathematicae, vol. 3, p. 321. 

§See my note, A theorem concerning connected sets, Fundamenta 
Mathematicae, vol. 3, pp. 238-239. 


|| See On dispersion sets of connected sets, Fundamenta Mathematicae, 
vol. 6, pp. 214-228; see also B. Knaster, Sur un probléme de M. R. L. Wilder, 
in the same journal, vol. 7, pp. 191-198. 
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(a) The problem of finding approachability conditions 
which are necessary and sufficient that the separating set 
be a simple closed surface, i.e., the set of points that can be 
put into (1-1) continuous correspondence with the surface 
of a sphere. 

(b) The problem of securing necessary and sufficient 
conditions that the sum of two closed connected sets, neither 
of which separates three-space, may have a sum that sepa- 
rates three-space (the conditions of Mazurkiewicz and 
Strasziewicz mentioned above are sufficient but not neces- 
sary). 

(c) The question of when a continuous (1-1) correspon- 
dence T between two simple closed surfaces in three dimen- 
sions, may be extended toa (1-1) continuous correspondence 
T of their surrounding three-spaces such that T and T are 
identical for points of the surfaces given.* 

(d) The problem of finding conditions analogous to those 
of Schoenflies that are necessary and sufficient that a con- 
tinuum in three dimensions be a continuous curve. The 
conditions of Schoenflies might be characterized as external 
conditions in that they give the relation of the continuum to 
the surrounding space. The connectivity im kleinen con- 
dition of Hahn, the S property of Sierpinski, the requirement 
of Wilder that every connected subset of an open subset be 
arcwise connected, and Moore’s separation condition are all 
of them internal conditions and hold in any number of 
dimensions. The problem of finding external conditions is 
an open one.f 

We do not wish, however, to create the impression that 
the problems of two dimensions are by any means completely 
solved. An interesting set of problems among those still 


* That this extension is not always possible has been shown by J. W. 
Alexander by means of an interesting example in the Proceedings of the 
National Academy, vol. 10 (1924). 

{ For a discussion of the difficulties encountered see the article of 
R. L. Moore, Concerning the relation of a continuous curve to its complement 
in three dimensions, loc. cit. 
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unsolved is concerned with the question as to whether every 
continuum such that every subcontinuum, containing more 
than one point, is homeomorphic with the whole set must be 
a simple continuous arc and whether there are bounded 
homogeneous plane continua which are not simple closed 
curves.* A solution of the various problems still unsolved 
in two and three dimensions will open up tremendous 
possibilities for future work in this important and fascinating 
branch of mathematics. 


THE UNIVERSITY OF PENNSYLVANIA 


* That such continua, if they exist, cannot be continuous curves 
follows from the results of Mazurkiewicz, Sur les continus homogénes, 
Fundamenta Mathematica, vol. 5 (1924), pp. 137-146. A set M is said 
to be homogeneous if for every two points x and y of M there exists a (1-1) 
continuous transformation of M into itself which turns x into y. 
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EXPANSION IN SERIES OF NON-INVERTED 
FACTORIALS* 


BY W. J. TRJITZINSKY 
An expansion of the form 
bn 
(2) = 


can be obtained from the consideration of Cauchy’s formula 


f@dt 


c2z—t 


2rif(z) = 


if f (z) =0 at infinity, together with the resultt 
n! 


1 


where (1—)* denotes the branch reducing to unity for 
u=0. The above relations can also be used for deriving an 
expansion in series of non-inverted factorials. By (1) we have 


1 1 
= f (1 — u)*-*"du. 
z—t 0 


(1) 


Consider 

Since 

(1-—u)7= 
when u=0, we may write 

(—1)* 

¥ --- 


n! 


* Presented to the Society, September 9, 1927. 
+ Whittaker and Watson, Modern Analysis, 3d edition, Cambridge 
University Press, 1920, p. 144. 


— 
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The binomial expansion (2) will be uniformly convergent 
for OXu<1 when R(z)>0.* Also let us introduce the 
condition 

R(-—t-—1)>0, 
that is, 
R(t)<—-1. 
Then the expansion 
(3) (1 — = (1 — 
(— 1)" 
+> u"(1 — — 1)--- (2 —n +1), 


n=1 


which holds for 0S u <1, can be integrated termwise, so that 
we may write 


1 1 1 
(4) = (1 — u)?-*"du = f (1 — 
z—t 0 0 
1)” 1 
+> f u"(1 — | 
n=1 0 


—1)---(s 
But 


1 —n! 
u"(1 — u)-*1du = — - 
0 


and hence we have 


1 1 (—1)"2(z—1)(z—2) - - - (s—n+1) 


z—t t 
where R(z) >0, R(t) < —1. 

Let R,(u) denote the remainder after (7+1) terms of the 
series (2) multiplied by (1—a)~‘". Since (2) is uniformly 
convergent, given €, 7) can be found so that for 2m» and 
all wu, O<u<1, we have 


R,(u)| <e. 


* R(z) denotes the real part of z. 
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If we let R,’ (4) denote the remainder after (1-+1) terms of the 
series (5), we may observe that 


1 
Ri () = f R,(u)du, 
0 


and hence 


1 
| (2) | < f | R,(u) | du <e, 
0 


where ¢€ is independent of £; consequently, (5) is a uniformly 
convergent series in f. 

Let f(z) be a function analytic on and outside a closed 
contour C situated to the left of R(z) = —1, and vanishing at 
infinity; then 


spat 


c2—t 


1 
we |—+ 1)" 


— = 


dt 
tb) 
when R(z)>0. Since integration termwise is justifiable, we 
have 

f(t)dt 


n=1 


Hence we may state the following theorem. 


THEOREM I. Let f(z) be a function analytic on and outside of 
a closed contour C situated to the left of R(z) = —1, and vantsh- 
ing at infinity; then for all z with R(z) >0 
(7) f(z) = bo + biz + — 1) + --- 
+ 
where 


d 
(8) b, = A 
c U1 —t)---(n—2) 


= 
= 
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If we take (1—)*-*" as 
where k may be complex, repeat the steps by means of which 
Theorem I was deduced, and replace z by z+ and ¢ by 
t+k, we find the following generalized theorem. 


THEOREM II. Let f(z) be a function analytic on and outside 
of a closed coniour C situated to the left of R(z)=—R(1+k), 
and vanishing at infinity, then for all z with R(z)>—R(k), 
we have 
(9) f(z) = bo + t+ k) + 

where 
(10), f@dt 
c (t+ k)\(1—t — k)(2—# — - (n—t— 

Let U be max. | f(#)| on C and / the length of C; then 
considering the expansion defined by Theorem I, it is ob- 
served that t=t,+7t. has —t,>1, since R(t)<—1 so that 
ln —t|2n—t>n-+1, and hence 

1 1 
< 
(n+1)! 


Consequently 


h Ul 
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NOTE ON A CONVERGENCE PROOF 
BY DUNHAM JACKSON 


Some years ago I published a particularly simple proof of 
the convergence of the Fejér mean of the Fourier series for 
an arbitrary continuous function.* I did not notice until 
some time later that the same proof had already been given 
by Haart in his thesis. The present note constitutes a re- 
newed attempt to contribute something to the theory of the 
method in question, by applying it to a problem which is 
not treated by Haar, in the passage cited at any rate. The 
substance of the note consists in the proof of the following 
theorem :{ 

Let f(x) be an arbitrary continuous function of period 27. 
With each positive iniegral value of n, let an integer m, be 
associated, subject merely to the condition that m,=n, and let 


1 mn 


where t;=2ix/m,. Then t,(x) converges uniformly toward f(x) 
as n becomes infinite. 

The reasoning is given in full, so that it can be understood 


sin? 3n(t; — x) 


(1) = 


sin? $(t; — x) 


* Note on a method of proof in the theory of Fourier’s series, this Bulletin, 
vol. 27 (1920-21), pp. 108-110. 

7 A. Haar, Zur Theorie der orthogonalen Funktionensysteme, Disserta- 
tion, Gottingen, 1909; p. 29; reprinted in Mathematische Annalen, vol. 69 
(1910), pp. 331-371; pp. 353-354. 

¢ For the case m,=n, see D. Jackson, A formula of trigonometric 
interpolation, Rendiconti del Circolo Matematico di Palermo, vol. 37 (1914), 
pp. 371-375; S. Bernstein, Sur la convergence absolue des séries trigono- 
métriques, Comptes Rendus, vol. 158 (1914), pp. 1661-1663; L. Fejér, 
Uber Interpolation, Géttinger Nachrichten (1916), pp. 66-91; pp. 87-91. 
For a corresponding generalization of the ordinary formula of trigonometric 
interpolation, see D. Jackson, Some notes on trigonometric interpolation, 
American Mathematical Monthly, vol. 34 (1927), pp. 401-405. For the 
underlying idea of the present treatment, see also Hahn, Uber das Inter- 
polationsproblem, Mathematische Zeitschrift, vol. 1 (1918), pp. 115-142. 


= 
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without reference to Haar’s paper. By a well known identity, 


sin? 3n(t; — x) 
——_————— = n + 2(m — 1) cos (¢; — x) 
sin? — x) 
ae + 2(n — 2) cos 2(t; — x) + ---+2 cos (nm — 1)(t; — x) 
(4) n—1 
=n+2 : (n — k)(cos kt;cos kx + sin kt; sin kx), 
k=1 


so that 7,(x) is a trigonometric sum of order n—1 in x. 
Since n—1<m,, and since 


mn mn 


> cos ki; = 2 sin kt; = 0 
i=1 i=1 


for 0<k<™m,, it is seen that 


1 ™ sin? 3 n(t; — x) 


| 
| 
| 
| 
| 
| 
| 


This may also be expressed by saying that if f(x)=1, the 
corresponding 7,(x) is identically equal to 1 for all values of 7. 

To take another very special case, let f(x) be of the form 
cos px, where p is a given positive integer, and let the form 
of the corresponding 7,(x) be determined with the aid of (2). 
The expression >-; cos pf; sin kf; is equal to zero for all values 
of k. The question ultimately at issue being one of con- 
vergence for n=, it is sufficient to consider values of 
n>2p. Then p<m,/2, and ¥, cos? pt;=m,/2. Under the hy- 
potheses, p+n—1 may or may not be less than m,. If 
pt+n—-1i<m,, >; cos pt; cos kt;=0 for all the values of k 
(including k=0) that come into consideration, except k=), 
and 7,(x) reduces to a single term: 


(4) T(x) = COs px. 


If p+n—1=m,, there is one other term, resulting from the 
fact that >>; cos pt; cos (m,—p)tji=m,/2, and 


n—p n—m,+ p 


(5) 7,(x) = ——-cos px + ——————- cos (m, — p)x. 
n n 


(3) 
nm, sin? 3(t; — x) 
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But <0, and (n—m,+ ))/n< p/n, which approaches 
zero as m becomes infinite. So, whichever of the expressions 
(4), (5) may be in force from time to time as ” takes on suc- 
cessive values, it is clear that 

lim 7,(“) = cos px, 

n= 
uniformly for all values of x. There is a corresponding proof 
if f(x) =sin px. 

On the other hand, the 7,(x) corresponding to the sum of 
any finite number of functions is the sum of the 7’s construc- 
ted for the various functions separately, and converges if 
each of the latter 7’s is convergent. So 7,(x) converges uni- 
formly toward f(x), whenever f(x) itself is identically a trigono- 
metric sum. 

In transition, it is to be noted from (1) and (3) that 
(x)| <M, if M is the maximum of | f(x) |. 

Finally, let f(x) be an arbitrary continuous function of 
period 27. Let ¢€ be an arbitrary positive quantity. By 
Weierstrass’s theorem there exists a trigonometric sum 
T(x) such that 


(6) [f(x) — T(x) | €/3 
for all values of x. If 7,(x) is defined by (1), and if Tni(x) 


is similarly formed with 7(¢,) in place of f(t;), it follows from 
the preceding paragraph, applied to the difference T(x) —f(x), 
that 

(7) |7n1(X) = Tn(X) | = 


for all values of m and x. And by the italics at the end of the 
second paragraph preceding, 


(8) | T(x) — ta(x)| €/3 

if m is sufficiently large. For such values of n, by combination 
of (6), (7), and (8), |f(x) — 72(*)| S €, which is equivalent 
to the conclusion of the theorem. 
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AN ELEMENTARY PROPERTY 
OF BOUNDED DOMAINS* 


BY W. L. AYREST 


It is the purpose of this note to prove the following 
property of a bounded domain{f lying in a two-dimensional 
euclidean space. 


THEOREM. If P is a point of a plane and bounded domain, 
there exists a triangle such that it contains P in its interior, has 
its vertices on the boundary of the domain, and every other point 
of the triangle and its interior lie in the domain. 


Proor. Let D be the domain and B denote the boundary 
of D. Let r denote the lower limit of all numbers d(P, x), 
where x is any point of the boundary B and d(P, x) denotes 
the distance from P to x. Let C be the circle with center at 
P and radius r. Since B is a closed set, the circle C contains 
a point X of B. Let E, and £2 be points whose distance 
from P is 47 and which lie on the line through P perpendicular 
to the line XP. Let E;F;(i=1, 2) be a ray through £; 
parallel to the ray XP.§ If y is any point of the ray XP such 
that d(P, y)2r, let C, be the circle with center at P and 


* Presented to the Society, October 29, 1927. 

+ National Research Fellow in Mathematics. 

t A connected set of points D is said to be a domain if for every point 
P of D there is a circle with center at P,such that Dcontains every point in 
the interior of the circle. The boundary of a domain is the set of all limit 
points of the domain which do not belong to the domain. The boundary 
of a bounded domain is a closed and bounded point set, and if H is any 
connected point set containing a point of the domain and a point not be- 
longing to the domain, then H contains a point of the boundary of the 
domain. 

§ If lisa line and A and B are points of /, the ray AB (but not the ray 
BA) is the maximal connected subset of |—A which contains B. If ABisa 
ray and C is a point not on the line AB then if 1 denotes the line through 
C parallel to the line AB the ray through C parallel to the ray AB is the 
maximal connected subset of 1—C which lies on the B-side of the line AC. 
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radius d(P, y) and let y; be the intersection of C, and the 
ray E;F;. Let [y] be the set of all points y of the ray XP 
such that d(P, y) =r and the arc yyy2 of C, contains a point 
of the boundary B. Using the fact that the boundary B is 
closed and the ray XP contains at least one point of B, it is 
not difficult to show that the set [y] is non-vacuous and 
closed. Since [y] is closed, there is a first point A of [y] on 
the ray XP.* The arc A,;AA:z of C4 contains a point Y of 
the boundary B and every point of the segment X Y belongs 
to the domain D. There are two cases to consider according 
as Y=A or 

Case I. If YHA, let Q be the intersection of the line X Y 
and the line through P parallel to the line A Y. {Let [z] be 
the set of all points z of the ray QP such that either (a) the 
segment Xz contains a point of the boundary B, or (b) the 
segment Yz contains a point of B, or (c) the point z belongs 
to B. It follows easily that the set [z] is non-vacuous, 
closed and contains no point of the interval QP. Let G 
be the first point of the set [z] on the ray QP. Then either G 
is a point of the boundary B or the segment XG or YG 
contains a point of the boundary B. 

Since G does not lie on the interval QP, the point P is in 
the interior of the triangle X YG, and every point in the 
interior of this triangle lies in the domain D. If the segment 
XG contains a point of B, let Z be the first point of B on the 
ray XG. We may show that there is a first point of B on the 
ray XG as follows. Since the ray X G makes an acute angle 
with the ray XP, the ray XG contains a point H of the circle 
C. Now the points of B on the ray XG form a set which is 
closed except possibly for the point X. But X is not a limit 
point of the set of points of B which lie on the ray XG, since 
no point of the segment XH belongs to B. Hence the points 
of B which lie on the ray XG form a closed set and there is 
a first point Z of B on the segment XG in the order X to G. 


* If K isa set of points lying on a ray AB, a point p of K is said to be 
the first point of K on the ray AB if for every point g of K distinct from p 
the point # lies on the segment Ag. 
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Let / be the line through X parallel to the line A Y and let 
K denote the point of intersection of / and the circle C which 
is distinct from X (the line / is not tangent to the circle C 
since A#Y). The segment YK contains the point P and 
there is no point of B on or inside the triangle X YK except 
possibly its vertices. Hence the angle X YZ is greater than 
the angle X YK and so P lies in the angle X YZ. Similarly 
the angle YXZ is greater than the angle YXA and so P lies 
in the angle YXZ. Then P lies in the interior of the triangle 
XYZ. The segment XZ belongs to the domain D, since 
the segment XJJ belongs to the domain D and Z is the first 
point of B on the ray XG. The segment YZ and the interior 
of the triangle X YZ belong to the domain D, since they are 
subsets of the interior of the triangle XY YG. Therefore the 
triangle X YZ satisfies all the conditions of our theorem and 
is the desired triangle. 

If no point of the segment XG belongs to the boundary B, 
but the segment YG contains at least one point of B, then if 
Z is chosen as the first point of B on the ray YG, the same 
proof shows that the triangle X YZ is the desired triangle. 
If neither the segment XG nor the segment YG contains a 
point of B, the triangle X YG satisfies all the conditions of 
our theorem and is the required triangle. 

Case II. If A=Y, let / be the line through P perpendicular 
to the line X Y and let G; and G, be points of / such that P is 
between G; and G:. On the ray PG, let [z| denote the set of 
all points z such that z belongs to the boundary B or the seg- 
ment Xz contains a point cf B or the segment Yz contains 
a point of B. It is easily seen that [z] is non-vacuous and 
closed. Let H be the first point of the set [z| on the ray PG. 
The set of points of B which lie on the ray X #7 is closed except 
possibly for the point X. Since the angle YX // is acute, there 
is a segment XK which lies entirely in the interior of the 
circle C and thus entirely in the domain D. Then the set of 
points of B on the ray XH is closed. If the segment XH 
contains a point of B, let Z be the first point of B on the 
segment XH/ in the order X to H. If the segment XH con- 
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tains no point of B but the segment YH contains a point of 
B, let Z be the first point of B on the segment YH in the order 
Y to H. There is a first point since the set of points of B 
which lie on the ray Y/7 is closed. If neither the segment X 7 
nor the segment Y/J/ contains a point of the boundary B, 
let H be the point Z. In any case the triangle X YZ has its 
vertices on the boundary B and every other point of the 
triangle and its interior belongs to the domain D, the segment 
XY contains the point P, and the angles XYZ and YVXZ 
are acute. 

In exactly the same manner, we determine a point W of 
the boundary B on the G,-side of the line X Y, such that the 
triangle X YW has the same properties as the triangle X YZ, 
where Z is replaced by W. 

Since the angles XYZ, YXZ, XYW and YXW are all 
acute, every point of the segment ZW lies in the interior 
of the quadrilateral XZYW. If the segment ZW does not 
contain the point P, the point P lies in the interior of the 
triangle XZW or YZW. In this case the triangle X WZ or 
the triangle YWZ (whichever contains P in its interior) is 
the desired triangle. If the segment WZ contains the point 
P,we have a quadrilateral XZ YW having its vertices on the 
boundary B and every other point of the quadrilateral and 
its interior belonging to the domain D, and such that P 
is the intersection of the diagonals of XZYW. Either the 
rays XZ and WY have no point in common or the rays ZX 
and YW have no point in common. Let us suppose that the 
rays XZ and WY have no point in common. If the lines XZ 
and WY are parallel, let PQ be the ray through P parallel 
to the ray XZ. If the lines XZ and WY intersect in a point 
M, let OQ be a point of the line PM such that P is between Q 
and MM. On the ray PQ, let [v] be the set of all points v such 
that v is a point of B or the segment Xv contains a point of B 
or the segment Wvz contains a point of B. As above, we may 
show that the set [v] is non-vacuous and closed. Let N be 
the first point of the set [v] on the ray PQ. If the segment 
XN contains a point of B, let V be the first point of the boun- 
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dary B on the ray XN. There is a first point V since the set 
of points of B which lie on the ray XN is a closed set. Since 
V is outside the quadrilateral XZ YW, the angle XWV is 
greater than the angle X WZ and the angle WX V is greater 
than the angle WX Y. Hence the point P lies in the interior 
of the triangle WXV and this is the desired triangle. If 
the segment XN contains no point of B but the segment YN 
contains a point of B, let V be the first point of B on the ray 
X N,and again the triangle X WV is the desired triangle. If 
neither the segment XN nor the segment YN contains a 
point of B, the point N belongs to B and the triangle X WN 
is the desired triangle. The case in which the rays ZX and 
YW have no point in common is exactly the same as the 
above. 

Thus, in any possibility, we have established the existence 
of a triangle having the properties required in our theorem. 

It is of interest to notice that while for any point of any 
bounded domain there is a triangle having the properties 
required in our theorem, there exist bounded domains, and 
in fact bounded domains with simple closed curves as boun- 
daries, such that there is no simple polygon of more than three 
sides having its vertices on the boundary of the domain and 
so that every other point of the polygon and its interior lie 
in the domain. An example of such a domain is the bounded 
domain whose boundary is a three-cusped hypocycloid. 
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EXTENDED POLYGONAL NUMBERS* 
BY L. E. DICKSON 


1. Introduction and Summary. The xth extended poly- 
gonal number of order m+2 is e(x) =4m(x?+x)—-x, while 
e(—x) is the xth polygonal number of order m+2. We take 
m>2 and thereby exclude the classic cases of triangular 
numbers and squares. If k is an integer=0, the values of 


(1) e(x — k) = (x — B)[3m(x — k +1) —1] 


for integers x =0 are the first k polygonal numbers and all the 
extended polygonal numbers. 

We shall prove that every integer p20 is a sum of E 
numbers 0 or 1 and four values of function (1) for integers 
x20, where E=m-—2 if k=0; E=m-—3 if k=1; while if 
k=2, E=m—6 when m=8, E=2 when m=7, E=1 when 
m=5 or 6, E=0 if m<4; and finally if k=>3, E=m—6 when 
m=7, E=1 when m=6, and E=0 when mS5. In no case 
will a smaller E serve for every p. 

These results have a very simple interpretation when 
E=0, so that every integer p20 is a sum of four values of 
(1). When k=1, m=3, this is equivalent to the fact that 
every positive integer 24p+4 is the sum of the squares of 
four numbers of the form 6x—5 with x20. When k=2, 
m=4, and when k=3, m=5, the equivalent facts are 


8p+4= )(4x—7)?, 40p + 36 = — 27)?, 


each summed for four integers x20. When k=1, m=4, the 
equivalent fact is that, for every integer p20, one of 8p+4 
is a sum of the squares of four numbers 4x—3 with x20. 
Each of our theorems has a similar interpretation concern- 
ing four squares, besides the obvious one for E+4 squares. 
The single improvement on the last fact is furnished by the 
last part of Theorem 3, which is equivalent to 


* Presented to the Society, September 9, 1927. 
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6A +125 = — 23)?, 


for five integers x20 and every A20. By Theorem 5, 


3p +4= if px8n4+4. 


Assistance was provided by the Carnegie Institution for 
preparing the tables and verifying the theorems for the 
necessary initial cases. The tables in the three papers are of 
constant use in a memoir to appear in the American Journal 
of Mathematics, which treats the like problem for all 
quadratic functions. 


2. General Formulas. A quadratic function has an 
integral value for every integer x20 if and only if it has 
the form 4mx?+43nx+c, where m, 1, c are integers such that 
m-+n is even. Comparison with (1) gives 
(2) n =m — 2 — 2mk, c = 4m(k? —k) +k. 

For these values, formulas (4), (6), (8), (13), and (15) of the 
writer’s paper in this Bulletin (vol. 33 (1927), pp. 713-720) 
give 
(3) A=mwt+4e+r-—- 5), w= (a+b) — kb, 

(4) U = 24mA + m?(9 — 12k — 12k?) — 24mk — 60m + 36, 
(5) V = 2mA — 2mE + (m — 2)?, P = 2m(d — k) —m-— 2, 
(6) F=(2V+W)?-—-VU>0, 

The (reduced) minor conditions are 
(7) A24c.+4E, A = 4c + 3m 
if n=0, but the same and 
(8) 3A = 12c + 2m — 2n — n?/m, (if n < 0). 
When k=2, the latter follows from (72). In fact, the sum 
of its last two terms is negative, since —™m is positive and 
2m-+n is negative. 


3. The Case k=0. We shall prove that every integer 


E 
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Az=0isasum of E=m—2 numbers 0 or 1 and four extended 
polygonal numbers 0, m—1, 3m-—2,---. Note that 
E(m—2)=m—2. When r takes the values 0, 1,---, m—2, 
and b the odd values 8 and B—2, evidently b—r takes the 
values of 8, 8B—1,---, 8—m, which include a complete set of 
residues modulo m. We choose b—r congruent to 4c—A. 
Then (3) determines an integer w and hence an odd integer a. 
There will be two consecutive odd values 8, B—2 of b if 
the difference between the limits for b exceeds 4. Hence we 
take d=4. Then 


U = 24mA + 9m? — 60m + 36, V = 2mA — m? + 4, 
P= im — 2, W = 3mA — 5m? — 4m-+ 4, 
F = m?A?—92m3A + 64m?A + 58m4 — 4m? — 152m?+ 144m >0, 


which evidently holds if A 292m—64, m23. Conditions 
(7) hold if A 24m. 

In Table III*, the entries involving the same multiple of m 
and the intervening numbers will be said to form a block. 
We suppress 15m—5,---, 69m—13, 14,---, and all such 
entries down to the last entry of any block which differs by 
3 or more from the next entry of that block. If we subtract 
the largest entry of any abridged block from the least entry 
of the next abridged block, we always obtain a difference 
=m—1. 


TABLE III. Sums ofr Four EXTENDED POLYGONAL NUMBERS 


0, m—1, 2m—2, 3m—2-3, 4m—3-4, 5m—4, 6m—3-5, 
7m—4—5, 8m—5-6, 9m—5-6, 10m—4, 6, 7, 11m—5, 7, 
12m—6-8, 13m—6-8, 14m—7, 8, 15m—5, 8, 9, 16m—6-9, 
17m— 7-9, 18m—7-10, 19m —8-10, 20m—8-10, 21m—6, 8, 
9, 11, 22m—7, 9-11, 23m—8, 10, 11, 24m—8-12, 25m—9, 
11, 12, 26%—10-12, 27m—9-12, 28m—7, 10-13, 29m—8, 
11-13, 30m—9-13, 31m—9-13, 32m—10-14, 33m—11-14, 
34m —10-14, 35% —11-13, 36m—8, 11-15, 37m—9, 12-15, 


* Tables No. I and No. II occur in the previous papers by the author, 
this Bulletin, vol. 33, pp. 713-720, and vol. 34, pp. 63-72. 
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38m—10, 11, 13-15, 39m—10-13, 15, 40m—11, 13-16, 
41im—12-16, 42m—11, 12, 14-16, 43m—12, 13, 15, 16, 
44m — 13-16, 45m—9, 13-17, 46m—10, 12, 14-17, 47m—11, 
13, 15-17, 48m—11, 12, 14-17, 49m—12-17, 50m—13-18, 
5im—12, 13, 15-18, 52m—13-18, 53m—14-17, 54m—14, 
15, 17, 18, 55m—10, 13, 15-19, 56m—11, 14, 16-19, 57m—12, 
14-17, 19, 58m—12, 13, 15-19, 59m—13, 16-19, 60m—14, 
16-20, 6i1m—13-17, 19, 20, 62m—14-20, 63m—15-20, 
64m — 15-20, 65m—14, 16, 17, 19, 20, 66m—11, 15, 17-21, 
67m—12, 16-21, 68m—13, 16-21, 69m—13, 14, 17, 19-21, 
70m —14, 15, 18-21, 7im—15-21, 72m—14-22, 73m—15-17, 
19-22, 74m—16-19, 21, 22, 75m—16-22, 76m—15-22, 
77m—16, 17, 19-22, 78m—12, 17-23, 79m—13, 17-21, 23, 
80m—14, 18-23, 81m—14-17, 19-23, 82m—15, 17-23, 
83m — 16-21, 23, 84m—15, 16, 18-24, 85m—16, 17, 19-24, 
86m—17, 19-24, 87m—17-21, 23, 24, 88m—16, 18, 20-24, 
89m—17, 19-24, 90m—18, 19, 21-25, 91m—13, 18-21, 
23-25, 92m—14, 19-25. 
THEOREM 1*. If k=0, then E=m—2. 

4. The Case k=1. The following is a complete list to 
8m —4 of sums by four of 1 and extended polygonal numbers: 
0—4,m—1,m,m+1,m+2, 2m — 2 —1, 2m, 

(9) gm —3—1, 3m, 3m + 1, 
4m — 4—1, 5m — 4 — 3, 6m — 5 — 1, Om, 
7m — 5 — 2, 8m —6-—4. 


Hence E(6m—6)=m—3. We next prove 
THEOREM 2. If k=1, then E=m—3. 


First, let m24. For b=8, B—2 and r=0, 1,---, m—3, 
then b—r takes the values 8, B—1,---, 8—(m—1), which 
form a complete set of residues modulo m. Hence d=4. Then 


* In the current number of the Proceedings of the American Philoso- 
phical Society, the writer gives another proof, analogous to that by Cauchy 
for ordinary polygonal numbers. 
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U = 24mA — 15m? — 84m + 36, V = 2mA — + 2m+4 
P=Sm—2, W = 3mA — 5m* — 8m + 4, 
F = m*A? + m?A(64 — 44m) + 34m‘ + 2m* + 112m? + 168m. 


Evidently F>0 if A2=44m—64. The minor conditions 
hold if A=4m. By (9), E(A)Sm-—3 for AS8m—4. We 
annex 15m—7=1+3m—2+2(6m—3) to Table III and 
abridge it asin §3. Then the gaps are <m—2 from 8m—4 
to 44m—16. This proves Theorem 2 when m24. 

Second, let m=3. Then 6, 8—2, 8—4 form a complete set 
of residues modulo 3. Hence d=6, 


U=72A — 351, V=6A+1, W=9A — 122, 
F = A? — 3344 + 1639>0 if A26. 


The minor conditions hold if A=7. But the numbers <3m 
in (9) are 0-8. Hence Theorem 2 holds if m=3. 


5. The Case k=2. Then E(m—2)=m—6. 

First, let m28. We shall prove that E=m—6. For 
b=B, B—2, B—4, B—6, OXrs<m-—6, evidently b—r takes 
the values B, B—1,---, 8—m, whence d=8. Then 


U = 24mA — 63m? — 108m + 36, V = 2mA — m? + 8m + 4, 
P=11m—2, W = 3mA — 23m? — 8m-+ 4, 
F = m?A?— 200m*A + 136m?A + 562m‘4 — 4m* + 616m? 336m. 


Thus F>0 if A =200m—136 and in fact if A =198m—136 
+t, ¢20, since then 
+268m?+ 616m?+ 336m. 

From Table IV we suppress 4m-++8, 5, and all such entries 
in any block down to the last entry which differs by 3 or 
more from the next entry of that block. We shall prove that 
E(A) Sm-—6 if A lies between consecutive blocks. This will 
follow if proved when A-+1 is the least entry tm—s of an 
abridged block. Then A is the sum of m—6 or m—7 and a 
number 7 in the abridged table if tm—s is the sum of m—5 
or m—6 and n. In other words, if —s is the term free of m 
in the least entry of an abridged block, then —(s—5) or 
—(s—6) is that of some entry of the preceding abridged 


210 L. E. DICKSON {Mch.-Apr., 


block. An inspection of Table IV shows that this holds with 
—(s—5) except for 


(10) #= 10, 38, 56, 71, 78, 82, 91, 108, 131, 138, 142, 159, 


169, 172,176, 49%. 


It holds with —(s—6) for all cases in (10) except =10. But 
for m=8, 10m —S8 is the sum of m—8 and 9m, while the gaps 
of 3 from 9m to 9m +3 are now permissible since E22. 


TABLE IV. Sums By Four or 1, m+2, AND EXTENDED 
POLYGONAL NUMBERS 


5, 4, 3, 2, 1,0, —1, 2m+6, 5,4, 3,2,1,0, —1, —2 
3m+7, 6, 4, 3, 1, 0, —1—3, 4m+8, 5, 2, 1, 0, —1-—4, 
5m+3, 2, 0, —1, —3, —4, 6m-+4, 1, 0, 
—1—5, 8m+2, 1, 0, —1—6, 9m+3, 0, —3—6, 10m—1-7, 
lim+0, —1—5, —7, 12m+1, 0, —2-—8, 13m+2, —1, 
—3-—8, 14m—2-—8, 15m—2—5, —7—9, 16m—1—9, 17m 
+0, —1, —3-—9, 18m+1, —2, —3, —5—10, 19%—4, —5, 
—7—10, 20m—3, —6—10, 21m—3-—9, —11, 22m—2-11, 
23m—1, —2, —4, —5, —7-—11, 24m+0, —3, -—6-—12, 
25m—5—9, —11, —12, 26m—4, —6, —7, —9-—12, 27m 
—5, —7—12, 28m—4—13, 29m—3—9, —11—13, 30m-—2, 
—3, —5, —6, —8-—13, 31m—1, 4*, 7-13, 32m—6-14, 
33m—5, 6, 8, 9, 11-14, 34% —8-14, 35m—7-13, 36m —5--15, 
37m—4-9, i! 15, 38m—3, 4, 6, 7, 9-11, 13-15, 39m—2, 5, 
8-13, 15, 40m—7, 8, 10-16, 41m—6, 9, 11-16, 42m—9-16, 
43m —8-13, 15, 16, 4401—7-16, 45m—6-9, 11-17, 46m—5 
17, 47m—4, 5, 7-13, 15-17, 48m—3, 6, 8-17, 49m—8, 9, 
1-17, 50m—7, 10-18, 51m—9-13, 15-18, 52m—9-18, 
53 
61 


© 
| 

~ 
= 
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m—8, 9, 11-17, 54m—13-15, 17, 18, 55m—7-13, 15-19, 
nu — 6-19, 57m—5, 6, 8, 9, 11-17, 19, 58m—4, 7, 10-19, 
59m—9, 10, 12, 13, 15-19, 60m—8, 11-20, 61m—11-17, 19, 
20, 62m —10-20, 63m—9, 12, 15-20, 64m—13-20, 65m—12 
-17, 19, 20, 66%: — 8-21, 67m —7-13, 15-21, 68m —6, 7, 9-21, 
69m—5, 8, 11-14, 16- 21, 70m — 10, 11, a 15, 17- 21, 


* From here on, we omit minus signs in continuations. 
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7im—9, 12, 13, 15-21, 72m—11-22, 73m—11-17, 19-22, 
74m—10, 12-19, 21, 22, 75m—12, 15-22, 76m—13-22, 
77m—12-17, 19-22, 78m—9-12, 14-23, 79m—8-13, 15-21, 
23, 80m—7, 8, 10, 11, 13-23, 81m—6, 9, 12-17, 19-23, 
82m—11-23, 83m—10, 12, 13, 15-21, 23, 84m—13-24, 
85m—12-17, 19-24, 86m—11, 14, 17-24, 87m—15-21, 23 
24, 88m—14-24, 89m—13, 14, 16, 17, 19-24, 90m—12, 
15-19, 21-25, 91m—10-13, 15-21, 23-25, 92m—9-25, 
93m —8, 9, 11, 12, 14-17, 19-25, 94m —7, 10, 13-25, 95m — 12, 
13, 15-21, 23-25, 96m—11, 14, 17-25, 97m—14-17, 19-26, 
98m — 13-23, 25, 26, 99m—12, 15-21, 23-26, 100m — 15-26, 
101m—14-17, 19-25, 102m—14, 15, 17-26, 103m—13, 
16-21, 23-26, 104m —15, 17-26, 105%: —11-14, 17, 20-25, 27, 
106m —10-19, 21-27, 107m—9, 10, 12, 13, 15-21, 23-27, 
108m —8, 11, 14-18, 20-27, 109% —13, 14, 16, 17, 19-25, 27, 
110m—12, 15, 18-27, 23-27, 112m—14-28, 


113m—13, 16, 17, 19-25, 27, 28, 114m—15, 18-23, 25-28, 
115m—16-18, 20, 21, - 28. 116m—15, 16, 18, 19, 21-28, 
117m—14, 17, 19-25, 27, 28, 118m—18-28, 119m—18-21, 


23-28, 120m—12-15, 17-29, 121m—11-17, 19-25, 27-29, 
122m—10, 11, 13-19, pies 123m—9, 12, 15-21, 23-29, 
124m —14, 15, 17-19, 21-29, 125m—13, 16, 17, 19-25, 27-29, 
126m —16-27, 29, 127m—15-21, 23-29, 128m—14, 16-30, 
129m—17, 19-25, 27-30, 130m—17-23, 25-30, 131m—16, 
17, 19-21, 24-29, 132m —15, 18, 20—30, 133m — 19-25, 27-30, 
134m —18-30, 135m—17-21, 23-29, 136m—13-18, 20-31, 
137m—12-17, 19-25, 27-31, 138m—11, 12, 14, 15, 17, 18, 
21-31, 139m—10, 13, 16-20, 23-29, 31, 140m—15, 16, 18, 
19, 22, 23, 25-31, 141m—14, 17, 19-25, 27-31, 142m —17-27, 
29-31, 143m—16-21, 23-29, 31, 144m—15, 18, 21-32, 
145m — 20-25, 27-32, 146m—18-23, 25-32, 147m—17, 18, 
20, 21, 23-29, 31, 32, 148m —16, 19-32, 149m — 19-25, 27-32, 
150m—18, 20-32, 151m—19-21, 23-29, 31, 32, 152m—18, 
19, 21-32, 153m — 14-17, 20, 21, 23-25, 27-33, 154m — 13-18, 
22-33, 155m—12, 13, 15, 16, 18, 19, 21, 23-29, 31-33, 
156m—11, 14, 17-33, 157m—16, 17, 19-25, 27-33, 158m—15, 
18-27, 29-31, 33, 159m —18-—21, 23-29, 31-33,160m — 17-33, 
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161m—16, 19, 21, 22, 24, 25, 27-33, 162m—20-23, 25-34, 
163m — 19-21, 23-29, 31-34, 164m —18, 19, 21-34, 165m—17, 
20-24, 27-33, 166m —19, 21-34, 167m—20, 21, 23-29, 31-34, 
168m — 20-27, 29-34, 169m —19, 20, 22-25, 27-33, 170m —18, 
21-34, 171m—15-18, 21, 23-29, 31-35, 172m —14-19, 22-35, 
173m—13, 14, 16, 17, 19-22, 24, 25, 27-33, 35, 174m—12, 
15, 18-27, 29-31, 33-35, 175m—17, 18, 20, 21, 23-29, 31-35, 
176m—16, 19, 22-35, 177m—19-22, 24, 25, 27-33, 35, 
178m — 18-23, 25-35, 179m —17, 20, 23-29, 31-35, 180m —22 
-36, 181m — 20-25, 27-33, 35, 36, 182m —19-36, 183m—18, 
20, 21, 23-29, 31-36, 184m — 22-36, 185m —22, 24, 25, 27-33, 
35, 36, 186m — 21-36, 187m — 20, 21, 23-29, 31-36, 188m —19, 
22, 23, 25-36, 189m — 23-25, 27-33, 35, 36, 190m — 16-19, 22, 
23, 25-27, 29-31, 33-37, 191m—15-21, 24-29, 31-37, 
192m—14, 15, 17, 18, 20-37, 193m—13, 16, 19-22, 24, 25, 
27-33, 35-37, 194m—18-23, 26-35, 37, 195m—17, 20, 23, 
25-29, 31-37, 196m—20-37, 197m—19-25, 27-33, 35-37, 
198m —18, 21, 23-37. 

If m=7, Table IV lacks 61=9m—2 and 62=9m—1, since 
the maximum in the preceding block is 8m+2=58 and the 
minimum in the subsequent block is 10m—7=63. If m=6, 
Table IV lacks 28=4m+4=5m—2=6m—8. If m=5, it 
lacks 23 = 3m+8=4m+3=5m—2=6m—7. Hence E cannot 
have smaller values than those in 


THEOREM 3. If k=2, E=m—6 for m28, E=2 for m=7, 
E=1 for m=5 or 6, E=0 for m=4. When* m=7, E(A)S1 
if A¥62. 


Since E<m-—2 for every m, conditions (7) hold if A 28m. 
This completes the proof of Theorem 3 when m28. For 
m=5, 6, or 7, the values of b—r for b=8, B—2, B—4 include 
a complete set of residues modulo m, whence d=6. We have 
the same U as before and 


P=im—2, W = 3mA — 14m? — 10m + 4. 


* Hence every integer 20 is a sum of five values of e(x—2) for m=7. 
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If m=7, U=168A—3807, V=14A—3, W=21A—752, 
F = 49A? — 7-2926A + 7-80449 >0 if A = 389. 


The discussion made when m2=8 applies when m=7 except 
for 10m—8. The latter now equals 9m—1 and gives no 
trouble. 


If m=6, U=36(4A—80), V=12A+4, W=18A—560, 
F/36 =(7A — 92)? —(4A — 80)(12A + 4) =A? — 344A + 8784, 


and F>0 if A2317. When A<317=55m—13, we have 
only the first two cases in (10). But 38m—16=37m—10 is 
in the preceding block, while 10m—8=9m—2 exceeds by 
unity the greatest entry in its preceding abridged block. 

If m=5, 

U = 120A — 2079, V = 10A —1, W = 15A — 396, 
F/25 = A? — 278A + 6253 >0 if A 2 254. 

But E(A) S1 for A < 254. 

Finally, if m=4, we shall prove that E=0. Here (i) is 
2x?—7x+6, whence A =2a—7)+24. 

First, let A be odd. Take }>=A—2 (mod 4). Then a and 
b are odd and the general method applies. Here d=4, P=10, 


U = 4(24A — 351), V=4(2A4+1), W =12A — 188, 
F/16 = (7A — 45)? — (2A + 1)(24A — 351) = (A — 24)? + 1800. 


Second, let A=2S. Take 6=2B, B=S—2 (mod 4). 
Then a=S+7B—12, a=2 (mod 4). Hence we may apply 
Lemma 3 of the writer’s paper in this Bulletin for January 
(vol. 34, pp. 63-72). Its conditions 


4B°+2B+1>3a, B<a 
become on elimination of a 
8B>19+u?, 2B<7+4+0!/?, u = 485 — 231, 4541. 


The difference between these two limits for B shall exceed 4. 
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Hence 4v"/2?—1!/2>23. The left member is=0. Squaring 
twice, we get 


S? — 4325S + 2220 >0, Sz 427, = 854. 


It was verified that E(A) =0 for A <854. 

6. THEOREM 4. Fork2=3,E=m—6if m27, E=1 tf m=6, 
E=0if m=5. 

Since 0 and 1 are the only polygonal and extended poly- 
gonal numbers<m—2, E(m—2)=m—6 if m26. If m2Z8, 
our theorem now follows Theorem 3. 

When m=7, it remains to prove that E=1 if k=3. As 
at the beginning of §5,d=8. Then P=61 and 

U = 168A — 7503, V=144+11, W = 21A — 1403, 
F/49 = A? — 656A + 40606 > 0 if A = 587 = 86m — 15. 
Conditions (7) hold if A =101. When A <587, the discussion 
at the beginning of §5 shows that E(A) <1 except for 

10m — 8 = 9m — 1 = 2(3m — 2) + 3m 4+ 3. 

Let m=5, k=3. We shall prove that E=0. Here d=10, 
P=63, 

U = 120A — 3999, V=10A+9, W=15A — 996, 
F/25 = A? — 1182A + 39699 > Oif A = 1148. 


| 


at 


Conditions (7) hold if A276. It was verified that E(A) =0 
for A <1148. 
Finally, let m=6. By (1), 


1+ 3e(x — k) = (34 — 3k + 1)?. 
Hence the following equations are equivalent: 


(11) A= 344+4= — 3k + 1)?. 
4 4 


When the former holds we write E,(A)=0, attaching the 
subscript k to the earlier E. Then also E,(A)=0 if g>k. 
Hence E,(A)>0 implies E;,(A)>0 for every kg. Let k be 


any given integer=0. To prove that E>0, it evidently 
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suffices to exhibit one positive integer A for which E;(A)>0. 
For a sufficiently large integer 1, 


(12) g = 46-4" — 2) 


is an integer=>k. Take 3A+4=4%"-46. Then E,(A)>0 by 
the following lemma. 


LemMMA 1. There do not exist four integers x20 satisfying 
(13) 427.46 = (3x + 3 — 5-4")?, 
4 


For n=0, 46= >> (3x —2)? is not solvable. In fact, the 
summands < 46 are (—2)?, 17, 42. If 2-23 is a sum by four of 
1, 4, 16, the value 1 must be used twice, while the maximum 
sum by two of 4 and 16 is 32<46—2. For n21, Lemma 1 
follows by induction from n—1 ton. Let (13) hold. Since the 
sum of the four squares is a multiple of 8, each square is 
even. Thus x is odd, x=2y+1, where y is an integer=0. 
Cancellation of 4 gives 


42"-1.46 = + 3 — 10-4"-1)?. 


The four squares are again all even, whence y = 2z+1, where z 
is an integer=>0. Cancellation of 4 now gives a result like 
(13) with 2 replaced by 7—1. Hence the induction is com- 
plete. 

By Theorem 3, £2(B) <1 for every B20. This completes 
the proof that E=1 for every R22. 

It is an interesting fact that gin (12) is the greatest integer 
for which E,(A)>0 when 34+4=4%-46. This is a con- 
sequence of E,.:(A)=0. The latter follows from 

Lemma 2. There exist four integers x =0 satisfying 
(14) 42.46 = — 5-4")?, 

This is true for 7=0 since 46 is the sum of 25, 4, 1, 16, 
which are the squares of the values of 3x—5 for x=0, 1, 2, 3. 
For n21, we proceed by induction from x—1 to m. Hence 
assume (14) with 2 replaced by »—1. Multiply the assumed 
equation by 4? and write £=4x; we get (14) with x replaced 
by &. 


= 
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Instead of Lemmas 1 and 2, we may employ 


LemMaA 3. If m ts an odd integer=3 and C=4"~3-88, then 
(15) C= — 2")2, 


each summed for four integers x20. In other words, if 
t=(2"—2)/3 and 3A+4=C, then E,(A)>0, 


The proof is by induction from n—2 to m and is like that 
for Lemmas 1 and 2 except for the initial value »=3. For 
n=3, the squares in (15) must be even, whence x=2y+1 
in (15,) and x=2y in (152), and the relations become 


Di(3y—1)?, 22= — 4)?. 

These follow since 22 is not a sum by four of 1, 4, 25,---, 
while 22 =(—4)?+2(—1)?+22. 

For n=1, g=6; for n=5, t=10. Hence 
E244) >0ifi<7, E,(244) =0, 

E,(468) >Oifj7 <11, E1(468) = 0. 

When k=53 or 4, the only numbers A £1000 for which 
E,(A) #0 are 244, 468, 500, 676, 852, 980. This holds also for 
k=5 or 6 except for 676, which is the sum of e(7)=161, 
e(11) =385, and the double of p(5)=65. For k=7, 8, 9, 10, 
the A’s are 468, 852, 980, since 500 is the sum of e(5) =85, 
e(9) =261, p(3) =21, p(7)=133. Next, 
852 = 2e(5) + 2p(11), 980 = e(5) + e(13) + p(3) + p(11), 
since (11) = 341, e(13) =533. Hence Z,,(B) =0if B=1000. 

7. THEOREM 5. If m=6, k=3, A#4 (mod 8), then 
E(A)=0. 

Here A = 3a—16)+84. If A is odd, d=6, P=28, 

| = 9-16(A — 39), V = 12A + 16, W = 18A — 800, 

F/36 = (7A — 128)? — 4(A — 39)V = (A + 8)? + 64-294. 
Conditions (7) hold if A288. The numbers before 16m in 
Table IV include all £88 except 
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2 =1+1+5+21, 52=2-5+42-21, 
60=1+5+ 21+ 33, 84= 4-21. 


Next, let A=2 (mod 4). Take }=2B. Then a is an integer 
if B=A (mod 3), and a=2 (mod 4). Then B* <a if 


3B <16+0"?, »0=34+4. 


Lemma 3 in this Bulletin for January (vol. 34, pp. 63-72) 
applies if 


4B>15+u4/?, u=44—-115>0, A>29. 


The difference between the two limits for B exceeds 3 
since (A —77)?+6936>0. 

Finally, let A=8p. By §1, 246+4 is the sum of the 
squares of four integers 6x—5 with x20. Write y=2x+1. 
Thus 3A +4 is the sum of the squares of four integers 3y —8 
with y2=0. By (11) with k=3, this implies E(A) =0. 


8. THEOREM 6*. For every k=O, there exist integers A>O 
such that E,(A)>0 for the octagonal function p3(x—k). 


In (11) we replace x—k by h—x and conclude that 
(16) A= \op(x—h), 34 +4= — 3h — 1)? 
4 4 
are equivalent equations. Choose an integer 220 such that 
g=%hk, for g defined by (12). Then 6¢+4 =4*"- 46 determines 
an integer g>0. Take A=8q+4. We shall prove that 
E2,(A)>0, whence E;,(A)>0. Suppose that E2,(A)=0, so 
that (162) holds for h=2g. But 3A-+-4=24¢+16. Hence the 
four squares are all even and x=2y+1. Cancellation of 4 
gives 
42.46 = (3y — 3g + 1)? =) (3y + 3 — 5-4")?, 
in contradiction with Lemma 1. We may vary this proof by 
taking 2g —1=k, or by taking 6¢+4 to be C of Lemma 3 and 
choosing so that 2#=k. 
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* This completes the proof of Theorem 5 of the author’s paper in this 
Bulletin for January (vol. 34, pp. 63-72). 
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THE PROBLEM OF DEPRECIATION IN THE 
CALCULUS OF VARIATIONS* 


BY C. F. ROOST 


1. Introduction. In a recent article Hotelling has shown 
that the older treatments of depreciation involve a number 
of serious errors of reasoning and has formulated the problem 
in such a way that many of these errors are overcome.{ 
His view-point is that the owner of a machine will do 
everything in his power to maximize the present value of the 
sum of the anticipated rentals which the machine will 
yield from the present time /; to some future time /2 plus the 
present value of the salvage value of the machine at the 
time f2 when it is salvaged. Although the depreciation 
problem appears to be a Lagrange problem in the calculus 
of variations,§ Hotelling has chosen to consider it as a prob- 
lem in the theory of ordinary maxima of functions. 

[f, in the light of recent developments in the new dynam- 
ical economics, || the depreciation problem is formulated as a 
Lagrange problem with variable end-points, the resulting 
problem is sufficiently general to include as special cases 
all of the existing depreciation theories, i.e., such theories 
as the straight line, the compound interest, the sinking fund, 
the unit-cost-plus, and the theory due to Hotelling. In 


* Presented to the Society, September 9, 1927. 

+ National Research Fellow in Mathematics. 

tH. Hotelling, A general mathematical theory of depreciation, Journal 
of the American Statistical Association, September, 1925. 

§ Bliss, Lectures on the Calculus of Variations, University of Chicago, 
Summer, 1925, mimeographed by O. E. Brown, Northwestern University, 
Evanston, Il. 

Roos, Dynamical economics, Proceedings of the National Academy, 
vol. 13, No. 3 (March, 1927); Roos, A dynamical theory of economics, 
Journal of Political Economy, October, 1927. See also, Roos, A mathe- 
matical theory of competition, American Journal of Mathematics, vol. 57, 
No. 3, July, 1925, and G. C. Evans, Dynamics of monopoly, American 
Mathematical Monthly, vol. 31 (1924), No. 2. 
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as much as existing depreciation theories assume a constant 
rate of production, the importance of a calculus of variations 
treatment which allows the rate of production to vary, is 
immediately evident. 


2. The Value of a Machine. In order to obtain an ex- 
pression for the operating expense or cost of production for 
a machine or other property, mathematical economists, 
following the example set by Walras, define certain quanti- 
ties called coefficients of production. These coefficients are 
defined as the quantities of the services of the factors of 
production, i.e. services of land, services of persons and 
services of capital, that enter into the manufacture of a 
unit of a given commodity.* For the static case Walras 
assumes these quantities to be constant. For the dynamic 
case an obvious extension would be to suppose the coefficients 
to be functions of the time, but this is not enough. There 
seems to be justification for writing the coefficients of 
production for a commodity C as functions of the rate of 
production of C, the selling price of C and the first derivatives 
of these quantities with respect to time.f In this paper we 
will, therefore, suppose the coefficients of production to be 
functions of the rate of production of C, the price of C, and 
the first derivatives of these quantities with respect to the 
time. 

If there is one producer manufacturing an amount u(t) of 
C in unit time and if, furthermore, the selling price of one 
unit of C is p(t), the coefficients of production are functions 


fa(u,u’,p,p’,t), (a =m 


where m is the number of services required to manufacture 
one unit of C and primes denote derivatives with respect 
to time. If we denote the prices of the m services required 
to produce one unit of C by p,(é), then by the definition 


* V. Pareto, Manuel d’Economie Politique, pp. 607. 
{ Roos, Dynamical economics, loc. cit. 
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of the coefficients of production the cost of producing u(t) 
units of C is 


(1) =D, u(t) fa(u,u’,p,p’ ,t)palt). 
a=1 
This gives the cost of production before depreciation has 
been taken into account. 
The profit or rent which will be obtained from a machine 
in unit time will, therefore, be 


R(t) = p(é)u(t) — ,Pmyl). 
Now, the value of a machine to its operator at a time ft; is 
the sum of the anticipated rentals which it will yield from 
the time /, to a time w at which it is to be salvaged each 
multiplied by a discount factor to allow for interest plus 
the salvage value also discounted. In the most general case 
the interest will vary with the time. We can, therefore, for 
the general case write the value of a machine to its operator 


at a time f, as 


(v) der 


where 6(v) is the force of interest, which is defined as the rate 
of increase of an invested sum s divided by s, and S is the 
salvage value of the machine at the time w.* This salvage 
value S is the cost price K of the machine at the time 4 
minus the depreciation in the market value of the machine 
after it has been operated for the period of time 4 to w. 
The depreciation in the market value of the machine is in 
general a functional of the rate of production, of the price 
of the article produced and of the time derivatives of these 
quantities. We may, therefore, write 


t 
fs v 
(3) S = K -f D(u,u’,p,p' 
ty 


* Hotelling, A general mathematical theory of depreciation, loc. cit., p. 342. 


+ 
| 
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where D(u, u’, p, p’, t) is the rate of depreciation. If we 
substitute the value of S defined by (3) in equation (2), we 
obtain on transposing the second term of the right-hand 
member 


ta t, 
lv Kos = [pu 


t 
| 
pr, ipa D(u,u',p,p',t) |e 4 
The quantity represented by the second term of the left hand 
member is the value at t; of asum K necessary to replace the 
machine at the time &. In order to simplify notation in the 
work which follows let us write this last expression in the form 


dt. 


t 
(4) [= [pu O(u,u’,p,p’ pr, a, 
ty 
where 
O(u, u', p, fi, Pn; t) 


3. Equations of Demand and Supply. For the commodity 
produced by the machine there will be a function & defining 
the rate of demand. As I have already pointed out, this rate 
of demand in its most general form will be a functional of 
the type 


t 
i= g(u,u’,p,p’,t) + H(u,u' ,p,p’ ,t,s)ds 
ty 


where as before primes indicate derivatives with respect to 
time and s is a parameter of integration.* 

If as many units are sold as are produced, the demand per 
unit time will be u(t) so that the demand equation will be 


t 
(5) = f H(u,u',p,’ ,t,s)ds 


* Roos, A dynamical theory of economics, loc. cit. 


| 
| 


bdo 
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where as notation $(u, u’, p, p’, t)=u—g(u, u’, p, p’, 0). 
When the rate of demand depends only slightly upon the his- 
tory of prices and rates of production, we are justified in 
writing H=0. For this case we obtain a first order dif- 


ferential equation of demand 
(6) o(u,u',p,p’,t) = 0 (4; bh). 


In as much as this last form of the demand equation is 
sufficiently general to include as special cases all forms of the 
demand equation now used in statistical investigations, it 
will be sufficiently general for the purposes of this paper. 


4. Necessary Conditions for a Solution. A likely assumption 
to make regarding the operation of the machine is that the 
operator will endeavor to maximize the expression (4), 
which is the difference between the value of the machine at 
the time /; and the discounted cost price. This assumption 
is not equivalent to the assumption that the operator will 
endeavour to maximize V, for ts is a variable end-value, but 
We will find it conven- 


* 


it has the advantage of simplicity. 
ient to introduce the notation y,(#)=u(t) and y(t) = 
in this paragraph in stating the problem of depreciation and 
in writing the conditions necessary for a solution. Under 
the hypothesis that (4) is to be maximized, we may state 
the problem of depreciation as that of choosing the rate 
of production y;(¢) and the price y2(/) satisfying a differential 
equation of demand 


$(91,91 92,92 ,t) = 0 (4 Sth), 
and having end-points which satisfy end-equations 
, ,f2, , | = 0, (u = = 6), 


so that they maximize the integral 


Hotelling assumes that V is to be maximized, but assumes u(t) and 
p(t) to be known functions; see A general mathematical theory of depreciation, 
loc. cit., p. 343. In a paper entitled A general problem of maximizing an 
integral with discontinuous integrand to be offered to the Transactions of 


this Society, I have given the mathematical analysis necessary to solve 
the problem under the assumption that V is to be maximized. 


| 


1928.] DEPRECIATION 223 


t 
b(v)dy 
r=f Lyive — 91 ¥2,92 Pm,t) Je dt, 
ty 


with ---, considered as known functions of 

In order to obtain a solution we assume further that 

(1) the functions y;(1), (¢=1, 2), defining the maximizing 
arc Ey are continuous on the interval /,f., and this interval 
can be sub-divided into a finite number of parts on each of 
which the functions have continuous derivatives, 

(2) in a neighborhood R of the values ¢, y:, yi, yo, ye on 
the maximizing arc Ej. the functions 0 and ¢ have continuous 
derivatives up to and including those of the second order, 
and 

(3) the functions 6, have continuous derivatives up to 
and including those of the second order near the end-values 
yi(tr), vo(tr), te, yi(to), ye(t2)), and at these values the 6n- 
dimensional matrix 


Out, Ont, || has rank m. 


Under these hypotheses, the analysis for the problem of 
Lagrange with variable end-values as arguments of the 
integrand applies to the problem of depreciation. I have 
shown in another paper* that the solution must be such 
that 


t 
(a) Fy = + Ci, (4 = 1,2), along the arc 
t 


1 
where 


ye , th) =Xof(m, ye, t, ty) 
where f(y, yi, Vo, v2, t, 4) is the integrand of J, where the 
C; are arbitrary, and where the \ are Lagrange multipliers; 


(b) At the end-points all determinants of order +1 
of the matrix 


* Roos, A general problem of minimizing an integral with discontinuous 
integrand, to be offered to the Transactions of this Society. 
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| (te) —yer(te)H yy (te) 


Gut, Buy sity) Ont, Puy 


vanish, where as notation 


H(t.) = (o — 2)F(ts) + (o — 1)F(t) 
ty 
+ [ 1,2), 


ts 
Hyp(te) = — 2)Fyp(ts) + (0 — 1)Fy(ts) + f 


k is used as an umbral index with range 1, 2, and subscripts 
yi, yi, and denote differentiation. 

(c) In addition to the preceding conditions (a) and (b) 
certain second order conditions of the calculus of variations 
must be satisfied by an arc Ej. which does actually maximize 
I. It is true, however, that if an arc Ey, which maximizes I 
does actually exist, it is the one defined by the differential 
equations $(y:, yi, ye, yz, t)=0 and the Euler-Lagrange 
equations in the Du Bois-Reymond form (a) and having end- 
points satisfying the end-equations 6,(4, y(t), ye(t), fe, 
yilte), yo(t2))=0, (u=1,---, m), and the transversality 
conditions (b). Rather than consider the additional condi- 
tions of the calculus of variations, let us assume that there 
does actually exist a maximizing arc Ey. for the particular 
problem under consideration and that /, u(t), p(t) in the 
space t, u, p give the desired solution. 

We desire next to obtain an expression for depreciation, 
which has been defined as the rate of decrease of value.* 
To do this let us suppose that a machine is operated at a 
rate u(t) which maximizes J, so that in the expression (4) 
the functions u(t) and p(t) and the end-values ¢, and f2 are 
those defining the maximizing arc. Then the expression (4) 
will define the maximum value of the machine at the time 
4;, and the value of the machine at any other time ¢ 
(t; StS) can be obtained by replacing #4; in (4) by ¢#. We 
obtain 


* H. Hotelling, A general mathematical theory of depreciation, loc. cit. 
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V@= [pu — 7) Je 


If we let A(t)=—dV(t)/dt be the depreciation of the 
machine to its operator, we can write by differentiating (7) 
with respect to f¢: 

te 
(8) A(t) = — dI(i)/dt — °°”, 

5. Relation to Existing Depreciation Theories. It is most 
interesting and instructive to see what further hypotheses 
must be made to obtain the various depreciation theories 
now commonly used. If, in equation (2), we suppose the 
salvage value S to be a point function of the time 4,= at 
which the machine is to be salvaged instead of a functional 
of the rate of production and price as done in this paper, 
then on changing the parameter of integration from ¢ to Tr 
equation (2) becomes for =” and 


(9) V(t) [pu — ¥(u,u’,p,p’,7) Je 


+ S(n)e 


If the cost of production function Y(u, u’, p, p’, T) is a point 
function (7) instead of the more general function y of (9), 
this formula reduces to that given by Hotelling.* 

Now, by (9), V() =S(n), and hence the total depreciation 
of the machine for the period r=/ to t=” is evidently 
V(t)—S(n). If we desire only simplicity, we may assume 
that the depreciation per unit time is equal to the average 
depreciation [V(t)—S(n)]/n and obtain the well known 
straight line formula for depreciation. 

Again, if p, u, and W of (9) are constant for a certain 
number of years of the machine’s life and then change 
abruptly at =m in such a way that it is evident that the 
end of the useful life of the machine has come, and if the 


* See citation (1), p. 343. 


te 
dy 
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force of interest 5(f) is a constant equal to 6, we can perform 
the integration in (9) and write 


(10) V(t) = [pu + 


Now, when 6(#)=6, a constant, the discount factor e~* is 
equal to (1+7)~', where 7 is the rate of interest in the 
ordinary sense. We obtain, therefore, 


1— (1+ 


(11) V() = [pu—y] + S(1 + 
and, at t=0, this becomes 

1—(1+i)-" 
(12) V(0) = [pu — y] + S(1 + i)-*. 


If we eliminate [pu—y]/6 from the equations (11) and 
(12), we obtain 
* 
v0) 
By adding —S times the second column to the first column, 


then subtracting the second row from the first row and 
expanding, we obtain at once 


(1+ 
V(0) — V(é) = |V(O) — S(m) - 
(0) — V@ = 
When we introduce the customary notation 
(1+ 
= 
i 
this formula becomes 
si 
(13) V(0) — = [V(0) 


which is the well known formula for the accumulation of 
depreciation allowances at the end of the ‘th year under the 
sinking-fund method.* 


* Rietz, Crathorne and Rietz, Mathematics of Finance, pp. 112-121. 
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If now the formula for V(t+1) obtained from (13) by 
replacing ¢ by t+1 be subtracted from (13), we obtain 


(1 + i)* 
Sil 


This formula states that the depreciation for any year is 
equal to the depreciation charge for the first year at com- 
pound interest at the rate of 7 per annum. This is, therefore, 
the so-called “compound interest method” of providing for 
depreciation. 

If we perform the indicated differentiation in (8), we obtain 


(14) V(t) — Vié+ 1) = [V(O) — S(n)] 


on solving for p 
QO + — dV(t)/dt 
= 


(15) 


which is equivalent to the formula by which J. S. Taylor 
defines unit cost plus.* 

From the general theory of this paper we have thus 
derived the popular “sinking fund” or “equal annual pay- 
ment” formula for depreciation (13) and the “compound 
interest formula” (14) by assuming that the rate of pro- 
duction u, the price » and the cost of production y are 
constant throughout the useful life of the machine. We 
have also seen that the unit cost plus formula can be 
obtained directly from the formula for depreciation as given 
in this paper when the price p and the rate of production u 
are known functions of the time. 


6. Some Generalizations. If instead of the hypothesis of 
§3, we adopt Hotelling’s hypothesis that the operator 
of a machine will do everything in his power to maximize 
the present value V(t) of his machine, the problem of 
depreciation for a fixed 4; is a Mayer problem of a general 
type considered by Bliss.{| When ¢, is variable this prob- 


* J. S. Taylor, A statistical theory of depreciation based on unit cost, 
Journal of the American Statistical Association, December, 1923. 

+ Bliss, The problem of Mayer with variable end points, Transactions of 
this Society, vol. 19 (1918). 
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lem can be made over into the Bliss problem by intro- 
ducing a new variable z satisfying the differential equation 
z=0 and the end condition z(t4;)=¢,. It is not, however, 
necessary to complicate matters by introducing another 
variable to obtain the form given by Bliss, for, if we take the 
term in K in (4) under the integral sign, we obtain 


= 


te Ke “4 
V(t) = f (ou — -|ar, 


hy 


and this is a special case of the general problem referred 
to in §3.* For the conditions (a) and (b) of §3 the 
function f(u, wu’, p, p’, t, t) of that section becomes a 
function f(u, u’, p, p’, t, ti, te) identically equal to the above 
integrand. 

I have already discussed a related problem for the case of 
several competing machines and I believe that the analysis 
given there can be remodeled after the methods of this 
paper to fit the depreciation problem for several competing 
machines. f 

There is another important possible direction of extension 
of this paper. As I have pointed out in §2, there are 
instances when the more general functional equation of 
demand as given by (5) should replace the differential equa- 
tion of demand (6). The resulting problem is a problem in 
the maxima of functionals which would be well worth special 
investigation.f 
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* Roos, General problem of minimizing an integral with discontinuous 
integrand, loc. cit. See also E. H. Clarke, On the minimum of the sum of a 
definite integral and a function of a point, Doctoral Dissertation, Uni- 
versity of Chicago, and Miss Sinclair, Annals of Mathematics, (2), vol. 10, 
pp. 55-80. 

Tt Roos, Generalized Lagrange problems in the calculus of variations, 
Transactions of this Society, not yet published. 

t For a related problem in the maxima of functionals, see Hahn, Uber 
die Lagrange’sche Multiplicatorenmethode, Sitzungsberichte der Akademie 
Wien, vol. 131 (1922), pp. 531-550. 
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MOULTON ON EXTERIOR BALLISTICS 


New Methods in Exterior Ballistics. By F. R. Moulton. Chicago, University 

Press, 1926. v1+-257 pp. 

This book is the outgrowth of Professor Moulton’s work for the Ord- 
nance Department of the U. S. Army during the World War and, to some 
extent at least, the result of his teaching the subject since that time. 

The importance of the book is not questioned and an effort will be 
made properly to evaluate it in this review, with the definite understanding 
that statements made are merely opinions. But I wish to point out two 
aspects of work on ballistics in this country, pertaining to this book and its 
contents, that are somewhat disappointing. 

Toward the close of the World War, and even during the period of 
hostilities, every person who made any pretense of being interested in 
contributions to mathematics longed to secure a book on ballistics from 
which he could compute a trajectory; not by the old antiquated methods 
which, he had heard, had been entirely discarded, but by the methods that 
had been devised by American mathematicians who had patriotically 
devoted their talents to the solution of these important problems. Except 
for a very few who were in one way or another officially connected with 
the Army, those who desired such a book at that time or even now have 
been doomed to disappointment. After two books have been published on 
the subject, one by R. S. (then Captain) Hoar in 1922, and the book 
under review by Professor Moulton, the student and the professor of 
mathematics havé at their disposal no book from which a trajectory can 
be actually computed. Both books are devoid of tables, and without 
tables, a trajectory can no more be computed by the methods they have 
devised than a spherical triangle could be solved without the proper tables. 
From the standpoint of interesting persons in the subject of ballistics this is 
to be regretted. Such tables are regarded as confidential information by the 
U.S. Army. Regarding the propriety of this attitude the reviewer has no 
comment to make and no opinion to express. But it is proper, I think, 
to warn the reader that this withholding of the tables from not only public 
examination (to which there may be objections) but from the perusal and 
use of mathematicians, physicists, and engineers might give to such tables 
an importance that the facts do not justify. 

The second disappointing feature, in the opinion of the reviewer, is 
of a more serious character. There has been a failure on the part of some 
properly to appraise the work done in this country during the War by our 
mathematical men who were interested in ballistics. The contributions 
that they made to the subject were advertised in most complimentary terms 
at meetings of the national mathematical organizations and elsewhere. No 
one was disposed to question them; no one was in a position to question 
them. It came to be usual to say certain things about these researches 
in ballistics. The failure adequately and fairly to appreciate the exact 
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worth of this work is embodied in the following quotation from another re- 
cent review of Professor Moulton’s book: “The fundamental differential 
equations of motion of a projectile in flight have been known since the days 
of Euler. Up to the World War the progress in ballistics had consisted in 
devising approximate algebraic expressions whereby to wrench these equa- 
tions into soluble form.” “These approximations had been improved and 
improved, but still could not keep pace with the development of modern 
artillery. So finally Professor F. R. Moulton of the University of Chicago, 
while serving as a Major in the U. S. Army during the World War, cut the 
Gordian knot by going back to the Eulerian equations and solving them in 
their original and exact form by numerical integration. Thus he laid the 
cornerstone for an entirely new science of ballistics.” Moreover, the same 
reviewer in his following paragraph compares Professor Moulton’s scientific 
achievement to that of Morse and Bell, and states that he should be given 
equal credit. 

There is little doubt that the above quotation is an expression of con- 
firmed opinion on the part of its author. Also it must be said that it 
embodies the attitude that has become all too prevalent regarding this work 
and which has not been corrected. Since I have said that this has not been 
corrected, let me give what I consider a more accurate appraisal of the 
same work: it is understood that this is my opinion and nothing more. 
(1) Solutions of these equations by numerical integration are just as truly 
approximations as solutions obtained in different ways by such men as 
Cranz, Richmond, Vahlen, Dufrenois, and others, all of whose methods were 
either developed or recast from other previously devised methods during 
the same period. Research in ballistics was not confined to this country. 
Many problems were investigated and at least partially solved abroad 
before they were undertaken on this side of the water. * 

(2) Numerical integration like any other method of successive approx- 
imation, if it is to become accurate, must be corrected from time to time. 
For instance, the square root or any rational root of an integer may be 
obtained by successive approximations because the number itself serves as 
a check upon the error made. But unless there is some means by which the 
errors of approximation are corrected, there is no guarantee that accuracy 
will be obtained, no matter how carefully the work may be done. This is 
exactly the case in the case of integrating the differential equations of the 
motion of a projectile. The only check is a tabulated function G which is 
built upon observed data. Although these data are the most reliable data 
obtainable, they are subject to errors of various kinds. The particular table 
referred to, according to all the evidence that can be obtained (and it is not 
easy to obtain) is built upon Gavre firings, firings at Aberdeen, upon inter- 
polation, and upon some extrapolation. The point to be made here is that 
a trajectory computed upon this table as a basis could be no more accurate 
than the table itself. And even more important than this, if one had more 
reliable tabulated data, he might be able to obtain the results desired 
without so much trouble. 

(3) It is admitted by all that the differential equations of the motion of 
a projectile in flight are insoluble by purely mathematical methods. The 
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best that can be done is to approximate such solutions. Thus the problem, 
from the standpoint of the practical ballistician at least, is one of engineer- 
ing mathematics. If these premises are correct, then what is to be gained 
by making the mathematical method of approximation more difficult than 
is neccessary? If the reviewer has acquired the point of view of other 
ballisticians, such as Cranz, Dufrenois, and Vahlen, it is briefly summarized 
in this: Let us aim to get the physical data or tabulated data as accurately 
as possible, and the method of approximation as simple as possible. Surely 
this is the practical point of view, and it must be admitted to be preemi- 
nently the case when one takes into account the kind of educational 
training usually possessed by army officers of any nation. Their training 
must be broad and practical in the extreme, and they want mathematics 
presented in as simple and usable form as possible. 

(4) The argument often presented to show the great advantage of 
methods of numerical integration in solving problems in ballistics over any 
other method of approximation is something like this: Other methods of 
approximation are practical up to a certain point but by methods of 
numerical integration results can be made as accurate as we please (by 
making intervals sufficiently small). This is far from correct. This state- 
ment involves several assumptions of a fundamental character. The method 
of numerical integration as outlined and perfected by Professor Moulton 
and his associates can be used to compute trajectories as accurately as we 
please only upon the following conditions: 

(a) That the G table is absolutely correct. 

(b) That the H table is absolutely correct. 

(c) That the characteristic motion of a projectile is completely defined 

by its ballistic coefficient. 
None of these is absolutely correct. The H table is highly satisfactory; the 
G table, although probably the best available, is subject to large errors; 
the ballistic coefficient only approximately characterizes the motion of a 
projectile. 

In Chapter I the problem is outlined and the translatory motion of the 
projectile is described; the rotation of the projectile is purposely omitted 
from this discussion for the sake of simplicity and because rotation is the 
subject that lies at the basis of the last, and, in my opinion, the most im- 
portant chapter of the book. It is particularly important to point out the 
kinds of things that might effect the motion of a projectile and especially the 
degree of accuracy that is needed. This is admirably done in Chapter II. 
The method of numerical integration is given in Chapter III, presented as 
clearly and as attractively as it could be done without the use of tables. 
The subject of differential variation as presented in Chapter IV will be 
interesting to the mathematician, but is not elementary, and in my opinion, 
is not given in a sufficiently elementary and practical manner. The adjoint 
system of differential equations is introduced as if it were such a familiar 
portion of mathematics that this could be done without explanation. Chap- 
ter V is theoretical in the extreme. It is devoted to a theoretical substantia- 
tion of the validity of the process of numerical integration, based upon the 
work of Picard. This is most attractively presented from the standpoint of 
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logical sequence, but, as Professor Moulton suggests, this chapter should 
be omitted by those who are reading the book for practical purposes only. 

In Chapter V, which occupies eighty-five of the two hundred fifty-seven 
pages of the book, Professor Moulton has set forth the mathematical 
basis upon which modern advanced ballistics reposes. This study of the 
rotating projectile is of fundamental importance in ballistics and especially 
in projectile design. Projectiles are constructed in such a way that both 
heads and tails may be varied by screwing such portions of different 
designs upon the body of the projectile. Moreover by screwing a cylinder to 
different positions within the body of the projectile, its moments of 
inertia may be varied. These projectiles are then fired through cardboard or 
beaverboard and their periods of precession, yaw, etc. may be studied. 
Although this has been added to since the War, it is the best presentation 
of the subject in our language, or in any language, that I have seen. The 
study of projectile design, and in general the problems of the rotating 
projectile, may be studied through the mathematics of this chapter as a 
tool, provided that experimentation can be conducted as it should be 
conducted. In this sense Professor Moulton has put the subject of ballistics 
upon such a basis that no essential change will have to be made in the 
mathematical method of attacking such problems for some time to come. 

There have been three outstanding products of the work of our bal- 
listicians and mathematicians during the War. The translation of the 
A. L. V. F. Tables; the book published by R. S. Hoar in 1922; and the book 
under review by Professor Moulton. In my opinion the most practical 
product is the translation of the A. L. V. F. Tables; they are just what the 
ballistician wants and needs. I doubt seriously that we could construct 
better or more useful tables. Placing ballistic research upon a sound 
mathematical basis is also a matter of great importance. Credit for this 
must be given to Professor Moulton and his associates. Also, they must 
have credit for giving an impetus to mathematical research in the Army and 
Navy that has had excellent results. This book records the mathematical 
methods of attacking problems in modern ballistics as developed in this 
country during the period of the World War. The same problems have 
been attacked and solved in slightly different ways by ballisticians in other 
countries during the same period. Greater accuracy in such work from the 
practical standpoint will depend upon more accurate physical data rather 
than upon new methods of mathematical attack. Although Professor 
Moulton’s book is by far the best book on modern ballistics published in 
this country, it is for the use of the mathematician rather than for the 
practical ballistician. In the reviewer’s opinion, it is not Professor Moul- 
ton’s outstanding contribution to mathematical science. We still need a 
practical book on ballistics, provided with adequate tables, for the use of 
the officer, the teacher, and the ballistician. 

J. E. 
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POLYA AND SZEGO’S PROBLEMS IN ANALYSIS 


Aufgaben und Lehrsdtze aus der Analysis. By G. Pélya and G.Szegé. Berlin, 

Julius Springer, 1925. vol. 1, xvi+338 pp; vol. 2, x +407. 

There are but few books which could be compared with this one as to 
the richness and charm of material, and amount of suggestions which an 
attentive reader is able to get out of it. The purpose of the book, and hence 
the material and its treatment, is quite different from those of numerous 
collections of problems already existing. The mere development of tech- 
nique is of secondary importance with the authors: their main efforts are 
directed rather toward cultivating good habits in the mathematical think- 
ing of their readers. The reader is constantly urged to give his attention 
not only to what he is being questioned about, but also to how and where 
he is questioned. Accordingly the most essential feature of the book, and 
one to which the authors gave much care, is the relative order of the 
problems. Isolated problems and examples comprise but a small part of 
the book: usually the reader has to deal with sets of problems, each of 
which is devoted to an independent and more or less substantial notion 
or question. 

The material treated in the book (see the detailed list of contents below), 
is taken from the modern parts of the classical theory of functions. This 
choice seems to be the wisest, because it not only agrees with the personal 
taste of the authors, but it also is fitted for the purpose better than any 
other part of analysis: it gives an adequate idea of the modern devel- 
opment of the science without being so abstract as to scare a beginner, even 
an advanced one. As sources, the authors use to a great extent recent 
memoirs. Many a problem has been communicated to them by different 
mathematicians as well as those personally found, and appears in print for 
the first time. There is no doubt, therefore, that the book may be of great 
value to specialists as well as to beginners. 

The first volume is devoted to the fundamental notions, while the second 
volume treats of questions of a more specialized type. 

Volume I contains three sections: 

Sec. I (Chapters 1-4) Infinite Series and Sequences. 
Sec. II (Chapters 1-5) Integral Calculus. 
Sec. III (Chapters 1-6) Generalities on Functions of a Complex Variable. 

Of these: Chapters I, 3 (the Structure of Sequences and Series of Real 
Terms); II, 1 (The Definite Integral as a Limit of Sums of Rectangles); 
II, 3 (Inequalities); II, 4 (Different Kinds of Distribution, i. e. Multiples 
of an irrational number, distribution of digits in a logarithmic tabie, etc.); 
II, 5 (Functions of Large Numbers); III, 3 (Geometrisches iiber den Funk- 
tionsverlauf) ; III,4 (Cauchy’s Integral and the Principle of the Argument); 
III, 6 (The Principle of the Maximum) are of extraordinary interest and 
value. 
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Volume II contains six parts: 

Sec. IV (Chapters 1-3) Functions of a Complex Variable, special part. 
Sec. V (Chapters 1-3) Position of the Zeros. 

Sec. VI Polynomials and Trigonometric Polynomials. 

Sec. VII Determinants and Quadratic Forms. 

Sec. VIII (Chapters 1-5) Theory of Numbers. 

Sec. IX Geometric Problems. 

This volume is still more interesting although harder than the first. 

The readers will find considerable help in the solutions which are sep- 
arated from the problems and collected in the second part of each volume. 
The solutions are given in a very condensed form, and require very careful 
reading. They are often followed by suggestions of possible generalizations 
and contain bibliographical references. 

The total number of problems in the first volume is 747, and in the 
second volume 877. 

It is the authors’ teaching experience that each chapter can be worked 
through in an advanced class in one semester (2 hours per week); this 
certainly requires that the students be excellently prepared. 

Both volumes are beautifully printed and like most of the monographs 
of this series by J. Springer (Die Grundlehren der mathematischen Wis- 
senschaften in Einzeldarstellungen) seem to contain almost no misprints. 

Of course nobody would expect that a book so rich in content and 
original ideas would be entirely free from a few minor defects. Let us 
indicate some of them which occurred to us at the first reading. 

Problems I, 75, 76 should be placed before I, 72-74. Problem I, 113 
should be piaced after I, 139. The person who does not know the method 
of solving Problem II, 202, could hardly work out the solution of II, 58. 

Solutions of some problems could be simpler and more natural (this 
point is very important, because we are interested not only in the facts as 
such, but also in the methods of obtaining these facts): this is the case 
with Problems I, 73-74, 82, 174. 

Some references are not quite exact, for instance, the solution of 
Problem II, 199 is ascribed to P. Czillag, while actually it was published 
(in more general form) by C. N. Haskins in his well known paper On the 
measurable bounds and the distribution of functional values of summable 
functions, Transactions of this Society, vol. 17 (1916), p. 181-194. 

Some topics, in view of their importance and relative simplicity, should 
be presented in greater detail than has been done in the Aufgaben. Such 
topics are, in our opinion: dominant series; summability of divergent 
series. 

To conclude our review, let us modify one of the metaphors used by 
the authors in the Introduction: We feel as though we were in a large and 
prosperous city; our guides are successful in their intention to show us 
how to travel from any place to any other place in the shortest and surest 
way; their wide knowledge and fine taste enable them, meanwhile, to 
point out the places of unexpected and unusual beauty, and we are thankful 
for this. 


J. D. TAMARKIN 


i 
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RIETZ ON STATISTICS 


Mathematical Statistics. By Henry Lewis Rietz. Chicago, Open Court, 

1927. vii+181 pages. 

This is Number Three of the Carus Mathematical Monographs of the 
Mathematical Association of America.* As such, it is designed to give an 
exposition “comprehensible not only to teachers and students specializing 
in mathematics, but also to scientific workers in other fields.” The author 
defines his main purpose as “shifting the emphasis and point of view in 
the study of statistics in the direction of the consideration of the under- 
lying theory” and introducing “some of the recent advances in mathe- 
matical statistics to a wider range of readers.” It must readily appear to 
the careful reader of the book that Professor Rietz has handsomely achieved 
his own stated purpose as well as the general purpose of the Carus series. 
The book does render available, as does no other volume written in English 
which is known to the reviewer, the essentials of an introductory survey 
of the underlying mathematical theory which must receive increasing 
attention from specialists in statistics, if the widespread use of statistical 
method is to be systematically helpful. Moreover, Professor Rietz kas 
developed this theory so skillfully that the “workers inother fields,” provided 
only that they havea passing familiarity with the grammar of mathematics, 
can secure a satisfactory understanding of the points involved. 

As a general basis for developing the concepts of statistics, the author 
prefers to regard probability as the limit (if it exists) of the relative fre- 
quency, and it is likely that most practicing statisticians will agree with 
him.{ Quite regardless of the considerable helpfulness of the concept of 
a priori probability, there can be little doubt that the notion of probability 
generally arises in practical problems of statistics as an adjunct in de- 
scribing—one almost says “explaining”—observed frequencies. The idea 
of description is again prominent in the author’s remark concerning the 
utility of fitted theoretical frequency curves: “Indeed, the use of the 
theoretical curve is likely to be justified in a large way only when it facili- 
tates the study of the properties of the class of distributions of which the 
given one is a random sample by enabling us to make use of the properties 
of a mathematical function F(x) in establishing certain theoretical norms 
for the description of a class of actual distributions.” 

The author’s definition of probability appears constantly in the back- 
ground, particularly in Chapter II, entitled Relative frequencies in simple 


* The first and second volumes of the series are: Calculus of Variations, 
by G. A. Bliss, 1925; and Analytic Functions of a Complex Variable, by 
D. R. Curtiss, 1926. 

t His definition, to which he frankly says there are “some objections,” 
is: “If the relative frequency of success approaches a limit when the trial 
is repeated indefinitely under the same set of circumstances, this limit 
is called the probability of success in one trial.” 
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sampling, where he develops the probability integral and the Poisson 
exponential function. He says, for example: “The theorem of Bernoulli 
deals with the fundamental problem of the approach of the relative fre- 
quency m/s of success in s trials to the underlying constant probability 
p as s increases”; and again: “The De Moivre-Laplace theorem deals 
with the probability that the number of successes m in a set of s trials will 
fall within a certain conveniently assigned discrepancy d from the mathe- 
matical expectation sp.” In connection with this latter citation, it may be 
remarked that the author seeks to make use of recent research in the history 
(as well as theory) of statistics. Thus, he names the theorem implying the 
“normal error curve” jointly for De Moivre and Laplace, instead of Gauss. 
The difficulties of substituting for the name of Gauss in the present ex- 
tensive literature will be considerable, and not the least of these will be 
that of determining a name for the “Gaussian” curve. The word “normal” 
has such misleading implications that the substitution of the name “normal 
frequency function” does not seem entirely fitting. 

Chapter III, Frequency functions of one variable, gives an exposition of 
the so-called Gaussian curve and of the Pearson and Gram-Charlier systems 
of curves. It is here that we find with especial frequency those strikingly 
helpful clarifying statements which feature all parts of the book. Thus, 
in referring to the “Gaussian” curve: “The difficulty is not one of deriving 
this function but rather one of establishing a high degree of probability 
that the hypotheses underlying the derivation are realized in relation to 
practical problems of statistics.” Again: “The idea of obtaining a suitable 
basis for frequency curves in the probabilities given by terms of a hyper- 
geometric series is the main principle which supports the Pearson curves 
as probability or frequency curves, rather than as mere graduation curves.” 
And: “That is, the excess E is equal to the coefficient by which to multiply 
the ordinate at the centroid of the normal curve to get the increment to 
this ordinate as calculated by retaining the terms in ¢@)(x) and ¢®)(x) of 
the Type A series.” 

Correlation is the subject of Chapter IV, and the author presents the 
development both by use of the regression concept and by reference to the 
frequency surface.* In spite of the brevity of treatment, the topic of 
ordinary correlation is covered effectively; and the same may be said of 
multiple correlation. 

The treatment of partial correlation deserves particular comment, 
especially in reference to the matter of definition. Professor Rietz suggests 
the possibility of regarding the partial correlation coefficient “as a sort of 
average value of the correlation coefficients of x; and x2 in subdivisions of a 
population” in each of which the other variables have assigned values, or 
“as the correlation coefficient between the deviations of x; and x2 from the 
corresponding predicted values given by their linear regression equations” 
on the other variables. Both of these notions are helpful, but the first is 


* A typographical error appears in the section heading on page 78, 
and is cited because its prominent position may render it especially mis- 
leading. “Regressive” should read “regression.” 
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especially useful in pointing out the nature of the error involved in the 
frequent definition of the partial correlation coefficient as that between 
two variables “when the other variables are held constant.” It can not 
too strongly be emphasized that no variable is held constant in the partial 
correlation measurement. This process of measurement seeks merely to 
eliminate from the indicated correlation between two variables the part 
which arises from their mutual linear dependence upon certain other 
specified variables. The development in the book is especially happy in 
that it shows the only way in which constant or “assigned” values enter 
the concept of partial correlation.* 

The remaining chapters, on Random sampling fluctuations, The Lexis 
theory, and The development of the Gram-Charlier series, are of somewhat 
less general interest than the earlier portions of the book. They are, how- 
ever, important to the general reader; and the exposition of the probable 
error (standard error, rather than probable, is considered in the text) 
derivations and their significance is especially worthwhile. 

The reviewer has not sought to verify in detail the symbolic portions 
of the text; but, if there be any mistakes, they are not such as to impede 
careful reading and full understanding of the discussion. 

A difficult task has been handled by the author with admirable skill; 
and statisticians generally will be grateful for a volume which is available 
for courses and reference, for mathematicians and “other workers.” 


W. L. Crum 


PRINCIPIA: VOLUMES II AND III 


Principia Mathematica. By Alfred North Whitehead and Bertrand Russell. 
Volumes II and III. Second Edition. Cambridge, University Press, 
1927. xxxi+-742 pp., and viii+491 pp. 

The second and third volumes of the second edition of Whitehead and 
Russell’s Principia Mathematica do not differ from the corresponding 
volumes of the first edition. An account of the changes which the authors 
think desirable is contained in the introduction and appendices to the 
first volume of the second edition, of which a review has previously ap- 
peared,} but the text of all three volumes has been left unchanged. 

The second and third volumes of the Principia Mathematica are devoted 
to building up, on the basis of the system of logic developed in the first 
volume, the theories of cardinal numbers, relations and relation-numbers, 
series, well-ordered series and ordinal numbers, and finally of the continuum 
and of real numbers. The task of developing these theories on the basis of 
the theorems and processes of logic only, as well as that, undertaken in 
the first volume, of investigating logic itself by mathematical methods, 


* In this connection, the reviewer regrets the parenthetical use (p. 101) 
of the words “held constant,” although he is sure that no careful reader 
will be misled by them after going through the preceding discussion in the 
text. 

{ B. A. Bernstein, this Bulletin, vol. 32 (1926), pp. 711-713. 
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are both of the highest importance to our understanding of the foundations 
of mathematics. The magnitude of the undertaking thoroughly justifies 
the formidable appearance of the three volumes, which contain what is, 
so far, the most nearly successful attempt to accomplish these tasks, In 
spite of serious difficulties which remain unsolved, the work has estab- 
lished its claim to be ranked as a notable achievement. 

Volume II begins with an account of cardinal numbers, based on the 
definition, given originally by Frege, that the cardinal number of a class a 
is the class of all classes similar to a. This definition has a pragmatic 
justification, in that it leads to cardinal numbers which have the properties 
we require. But it seems worth while to notice the possibility of another 
definition* more in accord with our intuitive idea of number, namely that 
the cardinal number of a class @ is the abstraction from @ with respect to 
the propositional function x is similar to y. In order to make this definition, 
we require the following postulatef: If ¢ is any propositional function of 
two variables which is transitive and symmetric, and if A is any term such 
that ¢(A,x) is true for some x, then Ag, the abstraction from A with respect 
to ¢, exists and has the property that Ag = Bg if and only if ¢(A,B) holds. 
The obvious objection is that this is an unnecessary additional postulate 
which ought to be avoided, but this objection, we believe, can be removed 
by a consideration of the treatment of classes in the first volume of the 
Principia Mathematica. 

According to this treatment the existence of classes is not assumed and 
the word class itself is not defined, but a determinate meaning is given to 
propositions about classes. On this basis, classes appear as shadowy things 
without actual existence. In a certain sense this is the correct view, for 
classes are, essentially, not a part of reality but fictions devised for their 
usefulness as instruments in understanding reality. But the same statement 
is true of propositions and propositional functions and, in fact, all the 
terms of logic and of mathematics. A postulate asserting the existence 
of a logical or mathematical term ought, indeed, to be understood merely 
as making this term, by fiat, a part of a certain abstract structure which 
is being built. The treatment of classes given by Whitehead and Russell 
seems not well balanced in that it ascribes a greater degree of reality to 
propositions and propositional functions than to classes. A postulate 
asserting the existence of classes probably ought to be included in their 
treatment. 

If, however, we accept the postulate about abstractions proposed above, 
it is not necessary to postulate the existence of classes, because they can 
be introduced as follows. A class is determined by a propositional function, 
but classes differ from propositional functions in that two equivalent but 
distinct propositional functions determine the same class. By analogy 
with Whitehead and Russell’s definition of cardinal number, we would, 
except for the obvious circle, define the class determined by a propositional 


* G. Peano, Formulaire de Mathématiques, vol. 3 (1901), p. 70. 
T See B. Russell, The Principles of Mathematics, 1903, p. 166, where a 
similar postulate is proposed. 
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function ¢ as the class of propositional functions equivalent to ¢. On the 
basis of the postulate which asserts the existence of abstractions, we could 
define the class determined by a propositional function ¢ as the abstraction 
from @ with respect to equivalence, and so avoid the necessity of another 
postulate for the introduction of classes. 

These considerations would be changed, of course, if we accepted the 
postulate proposed in the introduction to the second edition of the Principia 
Mathematica, that functions of propositions are always truth-functions, 
and that a function can occur in a proposition only through its values, 
for this implies that equivalent propositional functions are identical, and 
hence that classes and propositional functions may be regarded as the 
same. But the authors themselves are doubtful about this proposal and 
their arguments in support of it are not fully convincing. In fact “A asserts 
p,” which they take as a crucial instance, and which is c-rtainly not a 
truth-function, seems to be a function of the proposition p. The statement 
that A asserts p is correctly analyzed not as meaning that A utters certain 
sounds (the analysis proposed by Whitehead and Russell) but that A utters 
sounds which have a certain content of meaning, and it is this content of 
meaning which constitutes the proposition #, in the usual sense of the word 
proposition. The proposal under discussion can mean only that the word 
proposition is to be used in some quite different sense, in which case the 
Principia Mathematica would fail to give any account of propositions in 
the usual sense of the word. 

Continuing our consideration of the contents of volumes II and III, 
we find of especial interest the construction of the system of inductive 
cardinals (positive integers) on the basis of logical postulates only, because 
it is well known how the real number system, the space of euclidean or 
projective geometry, and other important mathematical systems, can be 
constructed on the basis of the system of positive integers, apart from 
difficulties which arise in connection with the theory of logical types. 

The success of this construction of the system of inductive cardinals 
depends largely on the adoption of the following definition: Consider all 
those classes of cardinal numbers which contain 0 and which have the 
property that if they contain v then they contain »+1; the common part 
of all these classes is the class of inductive cardinals. The numbers 0 and 1 
and the operation of addition have, of course, been previously defined. 
Apart from difficulties connected with the theory of types (which theory 
we hope to see supplanted or greatly modified) this definition gives us the 
complete system of positive integers with all its usual properties, something 
certainly not present in the original assumptions (except in the sense that 
these assumptions enable us to construct the system of positive integers 
in the way just described). 

This definition seems to be the only one that will lead to the desired 
result. It might suggest itself to consider the cardinal numbers of those 
classes which are similar to no proper part of themselves, but, without 
the aid of the multiplicative axiom or a weakened form of it, it is not known 
how to prove that this class of cardinals is not more extensive than that 
of the inductive cardinals defined as above. 
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The axiom of infinity, which it is found necessary to assume in proving 
important familiar properties of the finite cardinals, is of interest because, 
as one of the authors has pointed out elsewhere,* the existence of infinite 
classes can be proved if we disregard restrictions imposed by the theory 
of types. 

Of the remaining subjects treated, that of real numbers and the treat- 
ment of Dedekindian and continuous series are of greatest interest. 

It is well known how to construct the system of real numbers once the 
series of positive integers is given, but the usual method takes no account 
of difficulties raised by the theory of types. According to their original 
scheme, the authors proposed to overcome these difficulties by means of 
the axiom of reducibility, but in the introduction to the second edition 
they abandon this axiom in favor of the postulate mentioned above, that 
functions of propositions are always truth-functions, and that a function 
can occur in a proposition only through its values. As a result of this 
substitution the system of real numbers can no longer be adequately dealt 
with by any method known to the authors. 

If for no other reason than that it leads to important results to which 
the other does not, the axiom of reducibility seems to be distinctly prefer- 
able to the postulate which Whitehead and Russell now propose as a 
substitute for it. 

It is to be hoped, however, that the question will ultimately be settled 
by the complete abandonment of the theory of logical types or by an 
alteration in it more radical than any yet proposed. For the theory of 
types, although adequate to obtain the results we require, provided that 
the axiom of infinity and the axiom of reducibility are admitted, introduces 
many complications and creates some awkward situations, one of them 
the following, referred to at the beginning of volume II of the Principia 
Mathematica. Having proved the theorems that we require about functions 
of the first n—1 types, then in order to obtain the same theorems about 
functions of the nth type we must make a new assumption of all our 
postulates, applying them to functions of the nth type instead of functions 
of some lower type, and must then prove all our theorems anew. We “see,” 
by symbolic analogy, that this can always be done. But the statement that 
this is so is impossible under the theory of types. 

The well known contradictions, of which a list is given in the first 
volume of the Principia Mathematica, must, of course, be dealt with, and 
the theory of types at present affords the best known method of doing this. 
Our hope is that another method can be found which will entail fewer 
complications. 

ALonzo CHuRCHT 


* B. Russell, The Principles of Mathematics, 1903, p. 357. 
{ National Research Fellow in Mathematics. 
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Lehrbuch der Funktionentheorie. By L. Bieberbach. Band II: Moderne 
Funktionentneorie. Leipzig and Berlin, Teubner, 1927. vii+366 pp. 


This work is the second volume of the set with the above title. Volume 
I on the elements of the theory of functions of a complex variable was 
reviewed by the present writer in this Bulletin (vol. 28 (1922), p. 467). 
The present volume treats of the more recent developments of the subject. 
The work is confined almost entirely to the functions of a single complex 
variable, with particular attention to certain special aspects. Functions 
of several variables in the complex domain are not treated. The author’s 
own pet problem of conformal mapping, however, does not receive an 
unduly large proportion of space, though the scope of the entire book is 
not as complete as Bieberbach’s article in the Encyclopaedie der Math- 
ematischen Wissenschaften. 

While Bieberbach in the main uses function theoretic methods without 
leaning very heavily upon real analysis, nevertheless, the use of very 
recent developments in the theory of functions of a real variable, starting 
with integrals of Lebesgue, have when combined with the older classical 
methods, given such elegant theorems as that of Fatou. 

The eight chapters carry the following headings and indicate the topics 
treated. I. Conformal mapping. II. The elliptic modular functions. III. 
Bounded functions. IV. Uniformization. V. Picard’s theorem. VI. Entire 
functions. VII. Analytic continuation. VIII. The Reimann zeta function. 

In addition to the researches of the author, recent results of the follow- 
ing writers are presented: Carathéodory, Carlson, Fabry, Fatou, Hadamard, 
Hardy, Hoheisel, Harnack, Jensen, Jentzsch, Julia, Landau, Nevanlinna, 
Phragmen, Ostrowski, Schottky, Szegé, Vitali, Wigert, Wiman, and others. 

Julia in his Borel monograph of 1923 gives Porter joint credit with 
Vitali for the important theorem to the effect that to every set of analytic 
functions uniformly bounded in a regular domain, there belongs an infinite 
subsequence having an analytic limit function. This theorem is closely 
related to the work of Osgood, Stieltjes, Schottky, and Montel. Similarly, 
Porter seems to have been the first to have pointed out that for any 
series with its circle of convergence as a natural boundary there exist 
certain ‘‘sub-series’”’ which may be continued outside of the original circle 
of convergence. These are called “‘over-convergents” and ascribed by 
Bieberbach to Jentzsch. Finally, Bieberbach and others have failed to 
recognize that Porter in the Annals of Mathematics of 1907 assigned to 
his polynomial convergents of a given series, all the properties encompassed 
in Montel’s normal families of functions. 

The reviewer desires to bestow the very highest praise on the style of 
the present text. The author has a facile pen and achieves a happy result. 
The work is indispensable for any one interested in present day develop- 
ments in analytic functions. 

H. J. ETTLINGER 
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Récréations Mathématiques et Problémes des Temps Anciens et Modernes 
par W. Rouse Ball. Deuxiéme edition francaise traduite d’aprés la 
quatriéme édition anglaise. Troisiéme partie avec additions de MM. 
Margossian, Reinhart, Fitz Patrick, et Aubry. Paris, Hermann, 1927. 
2+363 pp. Paper, 21 fr. 

The first edition of Ball’s Mathematical Recreations and Problems of 
Past and Present Times appeared in 1892, the fourth edition in 1905, and 
the tenth edition in 1922 with the title Mathematical Recreations and Essays. 
Since the English publisher has nothing to hide, the latest edition always 
contained the dates of all previous editions. This is in marked contrast 
to the method of the French publisher who in this case as in the cases of 
other works recently reprinted seems to attempt to give the impression 
that the works were first published in 1927. Asa matter of fact the three 
volumes of the second French edition of the Recreations were published 
in 1907, 1908, and 1909 respectively. The volume under review is a 
facsimile of the one issued in 1909 with the exception that on the title page 
and front cover “1909” has been changed to “1927,” and on the last page, 
before the back cover, “Saint-Armand, Cher.—Imprimerie Bussiére” has 
been changed to: “Reproduit par les procédés Dorel, 45 Rue de Tocque- 
ville—Paris XVII*.” The defects of such a reproduction are noticeable. 
No further review of this work is called for. It may be remarked, however, 
that the three volumes of the original second French edition contained 
so much new material, they are well worth having in a library along with 
the English editions. The first French edition, in one volume, appeared 
in 1898 and was a translation of the third English edition (1896). 

There was also an Italian translation by Gambioli, from the fourth 
English edition, which appeared in 1910. 

R. C. ARCHIBALD 


A Treatise on the Mathematical Theory of Elasticity. By A. E. H. Love. 
Fourth edition. Cambridge University Press, 1927. xviii+643 pp. 
Love’s Elasticity first appeared 35 years ago in two volumes. The second 

edition in 1906 was entirely rewritten and put into a single volume. This 

edition was reviewed in this Bulletin by F. R. Sharpe (vol. 16, p. 90). 

The third edition appeared in 1920, when, owing to the disturbance in the 

distribution of scientific literature during the war, a considerable amount of 

material which had been published was not available for incorporation in 
that edition. We now have the fourth edition, which like the third, is not 
really a major change from the second, but does bring the bibliography up 
to date and includes a considerable amount of new material and some 
revisions of the old. There is more about problems of the plate (thick and 
thin), a note on the deduction of the stress-strain relations from molecular 
theory (lattices), a revision and simplification of the theory of the equilib- 
rium of a sphere (geophysics). 

Those of us who are interested in mechanics have cause to be very 
thankful that Love’s Elasticity and Lamb’s Hydromechanics are kept in 
print and kept up to date. There is not the equivalent of either in any 
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other language. We have also to be thankful that the authors have not 
yielded to the temptation to expand the volumes out of all proportion; 
it would have been so easy to have become encyclopedic, to have gone into 
the engineering applications, to have developed various parts of physics 
not really germane to the central thought, and even to have descended from 
the high path of the mathematical theory to the slough of multiplying 
hypotheses and inadequately justified approximations. 

Some fifteen years ago I taught parts of Love’s Elasticity to a group of 
graduate students at the Massachusetts Institute of Technology who had 
had courses on strength of materials, on structures, on applied mechanics, 
and on advanced calculus. The book was not easy to read with them 
although they had a good knowledge of the physical phenomena with 
which it deals; for highly trained mathematical students it might be 
easier in some respects, but I fear that with the lack of physical and prac- 
tical insight often found in such students it would be for them not much but 
mathematics. One does not come instinctively by the feeling for the facts 
of elasticity as he does for those of particle or rigid mechanics. It would 
be a real service if the author could collaborate with some leading theoret- 
ical engineer to produce a text which should be thoroughly sound, and while 
serving for ordinary instruction, might lead naturally up to this great 
classic. 

Epwin B. WILson 


Quadratic and Linear Tables. Lt.-Col. Allan J.C. Cunningham. London, 

Francis Hodgson, 1927. xii+170 pp. 

The first 55 pages of this volume is an extension to the limit 125,683 of 
the table of quadratic partitions issued in 1904 by the same author. The 
use of this table has been explained in the previous volume which has been 
reviewed in this Bulletin. 

A small table follows giving the representation of certain numbers by 
the form x*?+462y?, and furnishing a partial list of primes between 
10,000,873 and 10,099,681. Since 462 is an “idoneal” number these primes 
are called by the misleading title “idoneal primes.” Since we already have 
tables giving the complete list of primes in this range the value of this and 
the little table following it by T. B. Sprague is somewhat doubtful. 

For the worker in the theory of numbers many of the remaining tables 
in the book will be welcomed. Thus we have a table giving the last four 
possible digits of square numbers which will help identify large squares: 
tables of solutions of quadratic congruences; quadratic residues and non- 
residues; tables which give the linear forms for a in the congruence a?— 6? 
= N (mod p) which are valuable in the application of Fermat’s method of 
factorization by the difference of squares. The table for the congruence 
a?+b?=N (mod ?) could easily have been derived from this one. These 
tables have been published recently also by M. Kraitchik. A further table 
giving solutions of the equation ax—by=1 occupies some 22 pages. 


D. N. LEHMER 
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An Introduction to the Theory of Infinite Series. By T.J.1’A. Bromwich. 
Second edition, revised with the assistance of T. M. Macrobert. London, 
Macmillan and Company, 1926. xv+535 pp. 


The first edition of this book, which appeared in 1908, has been of 
great use to mathematicians and students of mathematics having a direct 
or indirect interest in the field of infinite series. No more comprehensive 
account of the fundamental results in this field could be found elsewhere 
between two covers, and yet the work throughout was very readable and 
involved no undue demands in the way of prerequisite mathematical 
knowledge. During nearly twenty years it has remained a standard text 
and reference work in the subject, and the only work of its type in English. 

In view of these characteristics of the first edition, it was rather to be 
expected that a second edition would in the main involve no very sweeping 
changes and no extensive rewriting. The one topic, namely summable 
divergent series, where the rapid development of the subject since the 
first printing would have necessitated considerable alteration of the text, 
has been omitted in the present edition, save for a brief account of its 
historical origin. The reviewer is inclined to regret this omission and to 
feel that the justification offered in the preface, lack of space, is not entirely 
adequate. No great addition to the number of pages in the book would 
have been required in order to bring up to date such topics in the field of 
summable series as were treated in the first edition. While these topics 
have a much smaller ratio to the total available literature than in 1908, 
yet they are fundamental and constitute a good introduction to the subject. 

Among the new topics introduced in the present edition may be found 
discussions of quasi-uniform convergence, existence theorems regarding 
solutions of linear differential equations, the asymptotic development of 
Bessel’s functions, trigonometric series including Gibbs’ phenomenon, and 
an account of Napier’s invention of logarithms. These additions are all 
well justified on the ground of their fundamental importance and add to 
the value of the book. There is every reason to believe that the second 
edition will prove as useful during the next two decades as the first edition 
has during the past two. 

C. N. Moore 


Einfiihrung in die konforme Abbildung. By Ludwig Bieberbach. Second 
edition. Sammlung Géschen. Berlin, Walter de Gruyter, 1927. 130 pp. 


In this little pocket volume, the author presents, in a thorough and 
painstaking manner, the fundamentals of the principal topics which arise 
in the theory of the conformal representation of one region of the complex 
plane on another through the use of analytic functions of a complex 
variable. The style is lucid and clear and the material well arranged. In 
so small a space, a surprisingly large amount of material has been presented. 
The pedagogical excellence of the book is particularly to be commended. 
It is an excellent text in its subject. 


C. H. Stsam 
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History and Synopsis of the Theory of Summable Infinite Processes. By 
L. L. Smail. University of Oregon Publications, vol. 2, No. 8, Feb. 
1925. 175 pp. 


This monograph gives a detailed analysis of the literature on divergent 
series, from the beginnings of the modern theory, in 1880, to 1922. About 
two hundred fifty papers on divergent series were produced in this period. 
These are listed here, in chronological sequence, and the contents of each 
indicated. The abstracts are, in most cases, very explicit, and permit one 
to get at the substance of the papers with great rapidity. The monograph 
will undoubtedly be found an invaluable work of reference by many in- 
vestigators. 

J. F. Ritr 


Elementary Algebra. Part II. By F. Bowman. London, Longmans, Green 
and Co., 1927. viii+431 pp. 

Except for the first four chapters, which treat the binomial, the expo- 
nential, and the logarithmic series, this book is designed to answer certain 
questions relating to the theory of equations which arose in Part I. The 
subjects developed are those usually treated of in elementary texts on the 
theory of equations, including the elements of determinants and linear 
equations. The author introduces the complex variable and proves the 
fundamental theorem of algebra. In this he does not confine himself to 
the bare necessities but includes considerable interesting material on 
algebraic functions and the geometry of the complex plane. The calculus 
is studiously avoided, the derivative being introduced under the name 
gradient function. There is a chapter on graphs, frequent graphical illus- 
trations, numerous examples and many excellent sets of exercises. 

L. T. Moore 


Harmonic Curves. By William F. Rigge, S.J. Published by the Creighton 

University, Omaha, Nebraska, 1926. 8vo. 213 pp. 

While Father Rigge’s volume does not perhaps call for special notice 
from the point of view of higher mathematics, it is particularly attractive 
to those who are interested in the construction of “conventional” designs. 
There are numerous diagrams which have been reproduced without change 
from those actually obtained from his machine, and these show remarkable 
accuracy in closing complicated symmetric figures. The machine referred 
to is one which has been gradually developed over an interval of nine years. 
It contains many components giving harmonic curves and these are greatly 
increased in number by interchangeable gears. Since it also contains 
“linkage” components it can draw many types of cycloids and cardioids 
as well as compound harmonic curves. The author in his preface says that 
if we consider periods only, it is capable of drawing 7,618,782,498 curves! 
An interesting additional feature is the production of stereoscopic figures. 
The elementary equations of the simpler curves are worked out in detail. 


E. W. Brown 
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NOTES 


The October, 1927, number of the American Journal of Mathematics 
(volume 49, No. 4) contains the following papers: New results in elimina- 
tion, by F. Morley and A. B. Coble; Numerical functions of multipartite 
integers and compound partitions, by E. T. Bell; Lagrange resolvents in 
euclidean geometry, by L. M. Blumenthal; The ovals of the plane sextic curve, 
by J. H. McDonald; On isometric systems of curves and surfaces, by C. E. 
Weatherburn; A characteristic property of certain sets of trigonometric func- 
tions, by M. H. Stone; The normal probabitity function and general frequency 
functions, by M. H. Stone; On (3, 3) and higher point correspondences, by 
T. R. Hollcroft; Contributions to the theory of conjugates, by E. P. Lane; 
A certain general type of Neumann expansions and expansions in 
confluent hypergeometric functions, by R. F. Graesser; A modern presentation 
of Grassmann'’s tensor algebra, by H. Barton. The frontispiece is a portrait 
of Oskar Bolza. 


The September, 1927, number of the Annals of Mathematics (series 2, 
volume 28, No. 4) contains: Generalized derivatives, by A. J. Maria; A 
Cremona group isomorphic with the group of the twenty-seven lines on a cubic 
surface, by H. L. Black; Transformations of the Kummer criteria in connec- 
tion with Fermat's last theorem (second paper), by H. S. Vandiver; Theorems 
on deducibility (second paper), by C. H. Langford; On some new types of 
non-differentiable functions, by A. N. Singh; On the problem of coloring maps 
in four colors, 11, by C. N. Reynolds, Jr.; Division algebras of order sixteen, 
by R. Garver; Note on a theorem concerning continuous curves, by W. L. 
Ayres; Development of functions in a system of approximately orthogonal 
functions, by W. D. Cairns; Concerning the summability of double series of a 
certain type, by G. M. Merriman; Double elliptic geometry in terms of point, 
order and congruence, by D. A. Flanders; The replacement theorem and related 
questions in the projective geometry of paths, by T. Y. Thomas; On types of 
knotted curves, by J. W. Alexander and G. B. Briggs; A problem in minima, 
by D. Jackson; On the developments of arbitrary functions in series of Her- 
mite’s and Laguerre’s polynomials, by J. V. Uspensky; Parallelism and 
transversality in a subspace of a general (Finsler) space, by J. H. Taylor; 
On the form of differential equations of a system of paths, by A. Church; 
Differential invariants of relative quadratic differential forms, by T. Y. 
Thomas and A. D. Michal. 


The editors of the Journal de Mathématiques announce that the 
volumes for 1928 and 1929 will be dedicated to the eminent mathematicians 
Paul Appell and Emile Picard, as a tribute upon the occasion of their 
scientific jubilees. It is obvious that these volumes, to which many emi- 
nent mathematicians will contribute, will have unusual importance. The 
edition will be limited, and the volumes will not be reprinted. 


Additional circulars of information and blanks for abstracts of papers 
for the Congress of Mathematicians to be held at Bologna next September, 
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have been sent to all those whose names are on the list of prospective 
participants, as received at the office. Additional copies may be obtained 
upon request from the office of this Society, 501 West 116th St., New 
York City. 


The British Association for the Advancement of Science will meet at 
Glasgow, September 5-12, 1928, under the presidency of Sir William Bragg. 
Professor A. W. Porter will be president of Section A (mathematical and 
physical sciences). 


At the annual meeting of the London Mathematical Society, held 
November 10, 1927, the following officers were elected: Professor G. H. 
Hardy, president; Professor A. S. Eddington, Mr. R. H. Fowler, and 
Professor G. B. Jeffery, vice-presidents; Dr. A. E. Western, treasurer; 
Professor Harold Hilton, librarian; Professor G. N. Watson and Mr. F. P. 
White, secretaries. 


A meeting commemorating the bicentenary of the death of Sir Isaac 
Newton was held at the American Museum of Natural History, New York 
City, November 25-26, 1927, under the auspices of the History of Science 
Society in collaboration with the American Astronomical Society, the 
American Mathematical Society, the American Physical Society, and the 
Mathematical Association of America. The following papers were read: 
Introductory address on Newton's life and work, by D. E. Smith; Newton and 
optics, by D.C. Miller; Newton’s philosophy of gravitation with special refer- 
ence to modern relativity ideas, by G. D. Birkhoff; Newton’s influence on the 
development of astrophysics, by W. W. Campbell; Newton and dynamics, 
by M. I. Pupin; Newton as an experimenter, by P. R. Heyl; Developments 
following from Newton’s work, by E. W. Brown; Newton’s twenty years delay 
in announcing the law of gravitation, and Newton’s early study of the A poca- 
lypse, by Florian Cajori; Newton’s work in alchemy and chemistry, by L. C. 
Newell; Newton's place in the history of religious thought, by G. S. Brett; 
Newton in the mint, by G. E. Roberts; Newton’s first disciple in the American 
colonies, by F. E. Brasch. 


The Paris Academy of Sciences announces the award of the following 
prizes for 1927: the Francceur prize to Georges Cerf, for his work in partial 
differential equations; the Montyon prize in mechanics to Dimitri Sensaud 
de Lavaud, for his work, based on theoretical considerations, on the pre- 
vention of oscillations of the front wheels of automobiles; the Poncelet 
prize to Henri Villat, for his work in the mechanics of fluids; the de Ponté- 
coulant prize to Emile Paloque, for his work on the analytic theory of the 
motion of the Trojan planets; prizes in navigation to André Courtier, for 
his work in hydrography and in the prediction of tides, to Pierre Changeux, 
for his Etude Général sur la Dynamique des Navires ou Appareils Utilisées 
en Navigation Maritime et Aérienne; and to Edouard Davaux, for his 
Cours d’Electrotechnique; the Hébert prize to Pierre Séve, for his work on 
alternating currents; the Pourat prize to Antoine Magnan, for his works 
entitled Les Charactéristiques des Oiseaux suivant le Mode de Vol, leur Appli- 
cation @ la Construction des Avions, and Le Vol a Voile avec Contribution @ 
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l’Etude Expérimentale de la Physique et de la Mécanique des Fluides; the 
Petit d’Ormoy prize in mathematics to Ernest Vessiot, for his work as a 
whole; the Saintour prize to Stanislas Zaremba, for his work in mathemati- 
cal analysis; a prize from the Gegner foundation to Francisque Dumont, for 
his work in geometry; a prize from the Becquerel foundation to Louis de 
Broglie, for his work in wave mechanics, atomic structure, and radiation. 
The Bordin prize, for a memoir on the dynamics of non-holonomic systems, 
was not awarded, and the subject was withdrawn. 


The First Congress of Polish Mathematicians was held at Lwow, Sep- 
tember 8-12, 1927, under presidency of Professor Sierpinski. The total 
attendance was about 200 including many foreign mathematicians. Over 
100 papers were read at the Congress. 


The Nobel prize in physics for 1927 has been awarded jointly to Pro- 
fessor A. H. Compton, of the University of Chicago, and Professor C. T. R. 
Wilson, of Cambridge University. 


The Hopkins prize of the Cambridge Philosophical Society for the 
period 1921-25 has been awarded to Dr. J. H. Jeans, for his work on the 
theory of gases, on radiation, and on the evolution of stellar systems. 


The Bruce medal of the Astronomical Society of the Pacific has been 
awarded to Dr. W. S. Adams, of Mount Wilson Observatory. 


The Franklin Institute has voted to award its Cresson gold medal for 
1928 to Professor Vladimir Karapetoff, of Cornell University, ‘‘in con- 
sideration of the inventive ability, skill in design, and detailed theoretical 
knowledge of kinematics and electrical engineering displayed in the develop- 
ment of computing devices.” 


Dr. Irving Langmuir, of the General Electric Company, has been 
awarded the Perkin medal for 1928. 


Cambridge University has conferred the honorary degree of doctor of 
science on Paul Painlevé, professor of analytical and celestial mechanics 
at the Sorbonne, now French minister of war. 


Sir Ernest Rutherford has been elected president of the Royal Society 
of London. He has also been elected a foreign associate of the Paris Acad- 
emy of Sciences. 


Professor S. Banach has been appointed ordinary professor of mathe- 
matics at the University of Lwow. 


Dr. Heinrich Behnke, of the University of Hamburg, has been appointed 
professor of mathematics at the University of Minster. 

Professor Martin Brendel, of the University of Frankfurt a.M., has 
retired. 


Dr. Werner Heisenberg, of the University of Copenhagen, has been 
appointed professor of theoretical physics at the University of Leipzig. 


1928.] NOTES 249 


Dr. C. Kuratowski, of the University of Warsaw, has been appointed 
professor of mathematics at the Technical College of Lwow. 


Dr. Alexander Ostrowski, of the University of Géttingen, has been 
appointed professor of mathematics at the University of Basel. 


Professor Theodor Péschl, of the German Technical School at Prague, 
has been appointed professor of mechanics at the Karlsruhe Technical 
School. 


Professor G. Albanese, of the University of Catania, has been trans- 
ferred to the professorship of descriptive geometry at the University of 
Palermo. 


Professor E. Bompiani, of the University of Bologna, has been trans- 
ferred to the professorship of descriptive geometry at the University of 
Rome. 


Dr. L. Fantappié, of the University of Rome, has been appointed 
associate professor of algebraic analysis at the University of Cagliari. 


Miss P. Nalli, professor of the calculus at the University of Cagliari, 
has been transferred to a professorship of the calculus at the University of 
Catania. 


Mrs. M. Piazzola Beloch and Dr. A. Tonolo have been appointed to 
associate professorships of analytic geometry and the calculus at the Uni- 
versity of Ferrara. 


Dr. N. Spampinato, of the University of Catania, has been promoted to 
an associate professorship of descriptive geometry. 


Professor A. B. Coble, of the Johns Hopkins University, has accepted 
a professorship of mathematics at the University of Illinois, where he had 
been prior to the present academic year. 


Professor B. F. Dostal, of the University of Michigan, has been ap- 
pointed assistant professor of mathematics at the University of Florida. 


Professor G. H. Hardy, of Oxford, will be in residence at Princeton 
during the first half of the academic year 1928-29, and will give a course 
entitled Chapters in the theory of functions. During the same period, 
Professor Oswald Veblen, of Princeton University, will be in residence at 
Oxford, and will give a course entitled Tensors and other differential in- 
variants. 


Dr. L.S. Hill has been appointed assistant professor of mathematics 
at Hunter College. 


At the University of Illinois, Professors Arnold Emch and Olive C. 
Hazlett have been granted leave of absence for the coming academic 
year, for study in Europe. 
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Associate Professor Lao G. Simons has been promoted to be full pro- 
fessor and head of the department of mathematics at Hunter College. 


Professor Mary E. Sinclair, of Oberlin College, has been granted leave 
of absence for the year 1927-28, and is in residence at the University of 
Miami, Coral Gables. 


Dr. V. B. Teach has been appointed assistant professor of mathematics 
at the Armour Institute of Technology. 


Dr. S. Timoshenko, of the research department of the Westinghouse 
Company, has been appointed professor of applied mathematics at the 
University of Michigan. He is succeeded at the Westinghouse Company by 
Dr. A. Nadai, of Gottingen. 


Dr. D. V. Widder has been appointed associate professor of mathematics 
at Bryn Mawr College. 


Professor E. I. Fredholm, of the University of Stockholm, known for 
his fundamental work in integral equations, died August 17, 1927, at the 
age of sixty-one. 


Dr. Emil Miiller, professor of descriptive geometry at the Vienna 
Technical School, died September 1, 1927. 


Dr. R. A. Herman, lecturer in mathematics at Cambridge University, 
died November 29, 1927, at the age of sixty-six. 


Mr. H. M. Taylor, F. R. S., fellow of Trinity College, Cambridge, is 
dead. 


Professor F. J. Dick, of the Theosophical University, Point Loma, died 
May 25, 1927. Professor Dick was a member of the American Mathe- 
matical Society. 


Dr. G. A. Osborne, professor emeritus of mathematics at the Massa- 
chusetts Institute of Technology, died November 20, 1927, at the age of 
eighty-eight. Professor Osborne had been a member of the American 
Mathematical Society since 1891. 


Professor H. E. Russell, of the University of Denver, died May 31, 
1927. Professor Russell was a member of the American Mathematical 
Society. 


Mr. William Young, actuary of the New York Life Insurance Company, 
died October 23, 1927, at the age of fifty-two. Mr. Young was a member 
of the American Mathematical Society. 
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NEW PUBLICATIONS 


PART I. PURE MATHEMATICS 


AHRENS (W.). Mathematische Spiele. Leipzig, Teubner, 1927. 

Avey (A. E.). The functions and forms of thought. New York, Holt, 1927. 
9+395 pp. 

Bet (E. T.). Algebraic arithmetic. (American Mathematical Society 
Colloquium Publications, volume VII.) New York, American Mathe- 
matical Society, 1927. 4+180 pp. 

BERGFELD (E.). Die Axiome der euklidischen Geometrie psychologisch 
und erkenntnistheoretisch untersucht. Miinchen, C. H. Becksche 
Verlagsbuchhandlung, 1927. 

BIEBERBACH (L.). Differential- und Integralrechnung. 3te Auflage. I: 
Differentialrechnung. Leipzig, Teubner, 1927. 

Burk en (O. T.). Mathematische Formelsammlung. Vollstandig umgear- 
beitete Neuausgabe von F. Ringleb. (Sammlung Géschen.) Berlin, 
de Gruyter, 1927. 241 pp. 

CaraTHEoporY (C.). Vorlesungen iiber reelle Funktionen. 2te Auflage. 
Leipzig, Teubner, 1927. 10+718 pp. 

CunninGuHaM (A. J.C.). Quadratic and linear tables. London, Hodgson, 
1927. 2+170 pp. 

Deavux (R.). Cours de géométrie analytique. 3 volumes. Mons, Delporte, 
1927. 158+87+38 pp. 

ENCYKLOPADIE DER MATHEMATISCHEN WISSENSCHAFTEN. Band II 3, Heft 
9: E. Hellinger und O. Toeplitz, Integralgleichungen und Gleichungen 
mit unendlich vielen Unbekannten. Leipzig, Teubner, 1927. (Sold 
separately.) 

EnRIQUES (F.). Questioni riguardanti le matematiche elementari raccolte e 
coordinate. Parte III: Numeri primi e analisi indeterminata. Massimi 
e minimi. Bologna, Zanichelli, 1927. 492 pp. 

Evans (G. C.). The logarithmic potential. Discontinuous Dirichlet and 
Neumann problems. (American Mathematical Society Colloquium 
Publications, volume VI.) New York, American Mathematical Society, 
1927. 8+150 pp. 

Fraser (D. C.). Newton’s interpolation formulas. London, Layton, 1927. 
95 pp. 

FRICKE (R.). See KLEIN (F.). 

FUuETER (R.). Vorlesungen iiber die singularen Moduln und die komplexe 
Multiplikation. 2ter Teil. Leipzig, Teubner, 1927. 6+360 pp. 

HELLINGER (E.). See ENCYKLOPADIE. 


HoneECKER (M.). Logik. Eine Systematik der logischen Probleme. Berlin, 
Diimmler, 1927. 194 pp. 
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KLEIN (F.) und FrIcKE (R.). Vorlesungen iiber die Theorie der automor- 
phen Funktionen. 2te Auflage. 1ter und 2ter Band. Leipzig, Teubner, 
1926. 16+634+14+668 pp. 

Lamé (G.). Examen des différentes méthodes employées pour résoudre les 
problémes de géométrie. (Réimpression.) Paris, Hermann, n.d. 124 pp. 

LETTENMEYER (F.). Systeme linearer Differentialgleichungen unendlich 
héher Ordnung mit Polynomen beschrinkten Grades als Koeffizienten. 
(Habilitationsschrift, Universitat Miinchen.) Miinchen, Buchdruckerei 
F. Straub, 1927. 52 pp. 

Linpow (M.). Numerische Infinitesimalrechnung. Berlin, Diimmler, 1927. 
8+176 pp. 

MacLeop (A. H. D.). Sur diverses questions se rapportant 4 l’étude du 
concept de réalité. Paris, Hermann, 1927. 11+239 pp. 

MinkowskI! (H.). Diophantische Approximationen. Eine Einfiihrung in 
die Zahlentheorie. 2te Auflage. Leipzig, Teubner, 1927. 8+236 pp. 

Monte (P.). Lecons sur les familles normales de fonctions analytiques et 
leurs applications. Paris, Gauthier-Villars, 1927. 306 pp. 

NIEWENGLOWSKI (B.). Questions d’arithmétique. Paris, Vuibert, 1927. 
8+225 pp. 

D’OcaGNE (M.). Le calcul simplifié par les procédés mécaniques et graphi- 
ques. 3e édition. Paris, Gauthier-Villars, 1928. 8+205 pp. 

Oscoop (W. F.). Introduction to the calculus. New York, Macmillan, 
1927. 11+449 pp. 

Putin (V. E.). Sir Isaac Newton. A biographical sketch. London, Benn, 
1927. 80 pp. 

RINGLEB (F.). See BURKLEN (O. T.). 

RunninG (T. R.). Graphical mathematics. New York, Wiley, 1927. 
8+91 pp. 

Russe. (B.). Philosophy. New York, W. W. Norton, and London, Allen 
and Unwin, 1927. 6+307 pp. (The title of the English edition is 
“An outline of philosophy.”’) 

ScuuH (F.). Lessen over de hoogere algebra. Derde deel. Groningen, 
Noordhoff, 1926. 783 pp. 

SPEIsER (A.). Die Theorie der Gruppen von endlicher Ordnung mit 
Anwendungen auf algebraische Zahlen und Gleichungen sowie auf die 
Kristallographie. 2te Auflage. (Die Grundlehren der Mathemati- 
schen Wissenschaften, Band V.) Berlin, Springer, 1927. 10+251 pp. 

ToeEp.itz (O.). See ENCYKLOPADIE. 

VEBLEN (O.). Invariants of quadratic differential forms. (Cambridge 
Tracts in Mathematics and Mathematical Physics, No. 24.) Cam- 
bridge, University Press, 1927. 8+102 pp. 

WaAscue (H.). Grundziige zu einer Logik der Arithmetik. Teil 1. Berlin, 
Carl Heymanns Verlag, 1926. 43 pp. 

Wevt (H.). Die heutige Erkenntnislage in der Mathematik. Erlangen, 
Weltkreis-Verlag, 1926. 32 pp. 

WickE (E.). Konforme Abbildungen. Leipzig, Teubner, 1927. 59 pp. 

Wotrr (T.). Das Problem der Dimensionen. Ein Versuch zur Lésung. 

Berlin, Arthur Collignon Verlag, 1926. 59 pp. 
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PART II. APPLIED MATHEMATICS 


ARAGON (E.). Résistance des matériaux appliquée aux coustructions. 2e 
édition, revue par P. Chambran. Tome 3. Paris, Dunod, 1927. 

AskLor (S.). Solsystemet och vintergatan. Uppsala, Lindblad, 1926. 
103+142 pp. 

Bacon (N. T.). See Cournot (A.). 

Betz (A.). See PRanptt (L.). 

Beyer (K.). Die Statik im Eisenbetonbau. Stuttgart, Verlag Wittwer, 
1927. 10+609 pp. 

BisHop (C. T.). Problems in structural design. New York, Wiley, 1927. 

Boss (P.). Berechnung der Wasserspiegellage. Berlin, Verein Deutscher 
Ingenieure, 1927. 4+-96 pp. 

Bo.t (M.) et Féry (A.). Précis de physique. Tome J et tome II. Paris, 
Dunod, 1927. 328+324 pp. 

Borcuarpt (L.). Langen und Richtungen der vier Grundkanten der 
grossen Pyramide bei Gise. Berlin, Springer, 1926. 22 pp. 

Tycuo BraHE. Tychonis Brahe Dani opera omnia. Edidit I. L. E. Dreyer. 
Tomus 9. Hauniae, Libraria Gyldendaliana, 1927. 8+352 pp. 

TEN BRUGGENCATE (P.). Sternhaufen. Ihr Bau, ihre Stellung zum Stern- 
system und ihre Bedeutung fiir die Kosmogonie. Berlin, Springer, 
1927. 5+158 pp. 

Burcio (F.). II secondo problema balistico. Rotazione dei proietti. 
Torino, Olivero, 1927. 91 pp. 

CHAMBRAN (P.). See ARAGON (E.). 

CiarK (D.). Field astronomy for engineers and surveyors. London, 
Constable, 1926. 8+164 pp. 

Coun (E.). Das elektromagnetische Feld. 2te véllig neubearbeitete Auflage. 
Berlin, Springer, 1927. 6+366 pp. 

Couttas (H. W.). Theory of structures. London, Pitman, 1927. 

Cournot (A.). Researches into the mathematical principles of the theory 
of wealth, 1838. Translated by N. T. Bacon with an essay on Cournot 
and mathematical economics and a bibliography of mathematical 
economics by Irving Fisher. New York, Macmillan, 1927. 213 pp. 

CrockER (J. C.) and MattHews (F.). Theoretical and experimental 
physical chemistry. London, Churchill, 1927. 8+581 pp. 

CzuBER (E.). Die statistischen Forschungsmethoden. 2te Auflage. Wien, 
Seidel, 1927. 10+238 pp. 

Davis (A. H.) and Kaye (G. W. C.). The acoustics of buildings. London, 
Bell, 1927. 9+216 pp. 

DoncE (R.). Elementary conditions of human variability. (Ernest Kemp- 
ton Adams Fund Publication No. 10.) New York, Columbia University 
Press, 1927. 12+107 pp. 

De Donper (T.). Sur les extrémales décrites par les électrons et les 
particules électrisées. Bruxelles, 1927. 16 pp. 

DreEYER (I. L. E.). See TycHo BRAHE. 

ELDERTON (W. P.). Frequency curves and correlation. 2d edition. London, 
Layton, 1927. 10+239 pp. : 

EMDEN (R.). See ENCYKLOPADIE. 


254 NEW PUBLICATIONS [Mch.-Apr., 


ENCYKLOPADIE DER MATHEMATISCHEN WISSENSCHAFTEN. Band VI 2 B, 
Heft 2: H. Kobold, Stellarastronomie, und R. Emden, Thermody- 
namik der Himmelskérper. Leipzig, Teubner, 1926. 

Eyraup (H.). Physique mathématique. Les espaces métriques et les 
théories physico-géométriques. Application des équations intégrales 
4 la physique mathématique. (Thése, Paris.) Paris, Blanchard, 1926. 
56 pp. 

FARADAY Society. The theory of strong electrolytes. A general discussion 
held by the Faraday Society, April, 1927. London, Faraday Society, 
1927. pp. 3+333-544. 

Féry (A.). See Bott (M.). 

FIsHER (I.). See Cournot (A.). 

FLEMING (J. A.). The interaction of pure scientific research and electrical 
engineering practice. London, Constable, 1927. 10+235 pp. 

FoKKER (A.}. See Lorentz (H. A.). 

FREUNDLICH (E.). Das Turmteleskop der Einstein-Stiftung. Berlin, 
Springer, 1927. 3+43 pp. 

GEIGER (H.) und ScHeEeE (K.), herausgegeben von. Handbuch der Physik. 
Band 15: Magnetismus. Elektromagnetisches Feld. Redigiert von 
W. Westphal. Band 16: Apparate und Messmethodenr fiir Elektrizitat 
und Magnetismus. Redigiert von W. Westphal. Berlin, Springer, 
1927. 7+532+8+801 pp. 

GrarF (K.). Grundriss der Astrophysik. 1te Lieferung: Die wissenschaft- 
lichen Grundlagen der astrophysikalischen Forschung. Leipzig, 
Teubner, 1927. 262 pp. 

Haack (H.). Die magnetischen Verfahren der angewandten Geophysik. 
Berlin, Gebriider Borntraeger, 1927. 8+-150 pp. 

DE Haas-LoreEntz (G. L.). See Lorentz (H. A.). 

Hart (I. B.} och Littmarck (K.). Vetenskapens banbrytare. Del 1: Fran 
Aristotle till Kepler. Del 2: Galileis och tidevarv. Del 3: Elek- 
tricitetens tidevarv. Uppsala, Lindblad, 1926. 86+88+79 pp. 

Hastincs (C. S.). New methods in geometrical optics with special reference 
to the design of centered optical systems. New York, Macmillan, 1927. 
103 pp. 

Hinz (A.). Thermodynamische Grundlagen der Kolben- und Turbokom- 
pressoren. 2te, verbesserte Auflage. Berlin, Springer, 1927. 6+68 pp. 

INTERNATIONAL CONGRESS FOR APPLIED MATHEMATICS. Proceedings of the 
Second International Congress for Applied Mathematics held in 
Zurich, Sept. 12-17, 1926. Edited by E. Meissner. Zurich, Fiissli, 
1927. 12+546 pp. 

Jerrreys (H.). Operational methods in mathematical physics. (Cam- 
bridge Tracts in Mathematics and Mathematical Physics, No. 23.) 
Cambridge, University Press, 1927. 8+101 pp. 

Kaye (G. W. C.). See Davis (A. H.). 

Kopotp (H.). See ENCYKLOPADIE. 

Konic (E.). Elastizitét und Festigkeit. Leipzig, Barth, 1927. 140 pp. 
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KoL.o1p-GESELLSCHAFT. Brownsche Bewegung und nicht fliissige disperse 
Systeme. Hauptvortrige gehalten auf der 6te Hauptversammlung 
der Kolloid-Gesellschaft. Dresden, Steinkopff, 1927. 

Lewis (G. N.) und RANDALL (M.). Thermodynamik und die freie Energie 
chemischer Substanzen. Ubersetzt und mit Zusatzen und Anmerkung- 
en versehen von O. Redlich. Berlin, Springer, 1927. 20+598 pp. 

Lorentz (H. A.). Theorie der Strahlung. Bearbeitet von A. D. Fokker. 
Nach der 2ten hollindischen Auflage iibersetzt von G. L. de Haas- 
Lorentz. Leipzig, Akademische Verlagsgesellschaft, 1927. 10+81 pp. 

LoyarTE (R.G.). Fisica general. Segunda edicién. Tomo I. La Plata, 
Universidad Nacional de La Plata, 1927. 388 pp. 

MAB#LER (K.). Atombau und periodisches System der Elemente. Berlin, 
Salle, 1927. 123 pp. 

MATTHEws (F.). See CROCKER (J. C.). 

MEISSNER (E.). See INTERNATIONAL CONGRESS. 

MicHAELIs (L.). Einfiihrung in die Mathematik fiir Biologen und Chemi- 
ker. 3te, erweiterte und verbesserte Auflage. Berlin, Springer, 1927. 
7+313 pp. 

Moore (L.). See Tuomas (T.). 

Mé ier (H.). Die graphische Statik der Baukonstruktionen. 6te Auflage. 
Band 1. Leipzig, Kréner, 1927. 12+628 pp. 

NENNING (A.). Quantenmissiger Aufbau der Elemente bis Fluor und deren 
dynamische Felder. Miinchen, Seyfried, 1927. 32 pp. 

PETERS (J.). Die Grundlagen der Musik. Einfiihrung in ihre mathematisch- 
physikalischen und physiologisch-psychologischen Bedingungen. Leip- 
zig, Teubner, 1927. 8+156 pp. 

PLASSMANN (J.). Fixsternbeobachtungen mit einfachen Hilfsmittel. Berlin, 
Salle, 1927. 10+120 pp. 

PirmptTon (S. J.) See WEBSTER (A. G.) 

PorTER (A. T.). The principles of perspective and their application to the 
representation of the circle and sphere. London, University of London 
Press, 1927. 11+137 pp. 

PRANDTL (L.) und Betz (A.). Vier Abhandlungen zur Hydrodynamik und 
Aerodynamik. Neudruck aus den Verhandlungen des III. Inter- 
nationalen Mathematiker-Kongresses zu Heidelberg und aus den 
Nachrichten der Gesellschaft der Wissenschaften zu Géttingen. Mit 
einer Literaturiibersicht. Berlin, Springer, 1927. 4+100 pp. 

PROEGER (F.). Die Getriebekinematik als Riistzeug der Getriebedynamik. 
Berlin, Verein Deutscher Ingenieure, 1926. 

RANDALL (M.). See Lewis (G. N.). 

REDLICH (O.). See Lewis (G. N.). 

Rick (J.). Relativity. An exposition without mathematics. London, Benn, 
1927. 79 pp. 


Rosinson (W.). Applied thermodynamics. London, Pitman, 1927. 10+ 
564 pp. 

R6pER (H.). Flugzeugnavigation und Luftverkehr. Dresden, Verlag 
HGrisch, 1927. 223 pp. 
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ScHAEFER (C.). Einfiihrung in die theoretische Physik. 2te Auflage. Band 
1. Berlin, de Gruyter, 1927. 12+925 pp. 

ScHEEL (K.). See GEIGER (H.). 

ScCHIAPARELLI (G.). Scritti sulla storia della astronomia antica. Parte 1: 
Scritti editi. Tomo II. Bologna, Zanichelli, 1926. 395 pp. 

Scumipt (F.). See VATER (R.). 

SmitH (A. W.). The elements of physics. Formerly published as ‘The 
elements of applied physics.’’ 2d edition. New York, McGraw-Hill, 
1927. 18+660 pp. 

SPEARMAN (C.). The abilities of man. Their nature and measurement. 
London, Macmillan, 1927. 8+416+33 pp. 

STRASSNER (A.). Neuere Methoden zur Statik der Rahmentragwerke. 
Band 2. Berlin, Ernst, 1927. 

Tuomas (T.) and Moore (L.). Outlines of dynamics. 3d edition, revised. 
London, Mills and Boon, 1927. 217 pp. 

VATER (R.). Die Maschinenelemente. Bearbeitet von F. Schmidt. Ste 
Auflage. Leipzig, Teubner, 1927. 

Warnock (F. V.). Strength of materials. London, Pitman, 1927. 9+ 
366 pp. 

WeEsstTER (A. G.). Partial differential equations of mathematical physics. 
Edited by S. J. Plimpton. New York, Stechert, and Leipzig, Teubner, 
1927. 7+460 pp. 

WEsTPHAL (W.). See GEIGER (H.). 

WHITEHEAD (J. B.). Lectures on dielectric theory and insulation. New 
York, McGraw-Hill, 1927. 7+154 pp. 

WauittTaKER (E. T.). A treatise on the analytical dynamics of particles and 
rigid bodies with an introduction to the problem of three bodies. 3d 
edition. Cambridge, University Press, 1927. 14+456 pp. 


Mémorial des Sciences Mathématiques 
Edited by Henri VILLAt 


Under the patronage of la Société mathématique de France, 
I’Académie des Sciences de Paris, and the scientific academies of 
Servia, Belgium, Bucarest, Poland, Ukraine, Spain, Prague, Rome (dei 
Lincei), and Sweden. See this BULLETIN, vol. 31, Nos. 5-6, p. 281. 


The following seventeen monographs have appeared at 10 fr. each. 


Pauw ApPELL, Sur une forme générale des équations de la dynamique. 

G. Va.riron, Fonctions entiéres et fonctions méromorphes. 

Paut APPELL, Séries hypergéométriques de plusiers variables, polynomes 
d’Hermite et autres fonctions sphériques de ’hyperespace. 

M. v’Ocacne, Esquisse d’ensemble de la nomographie. 

P. Lévy, Analyse fonctionnelle. 

E. Goursat, Le probléme de Backlund. 

A. Bun, Séries analytiques. Sommabilité. 

TH. DE Donner, Introduction @ la gravifique einsteinienne. 

E. Cartan, La géométrie des espaces de Riemann. 

P. Humsert, Fonctions de Lamé et fonctions de Mathieu. 


G. Bovuticanp, Fonctions harmoniques. Principes de Picard et de 
Dirichlet. 


R. Gosse, La méthode de Darboux pour les équations s=f (x, y, 2, p, q). 
A. VERONNET, Figures d’équilibre et cosmogonie. 

Tu. ve Théorie des champs gravifiques. 

S. ZareMBA, La logique des mathématiques. 

A. Formules Stokiennes. 

G. Vatron, Théorie générale des séries de Dirichlet. 


Many others are in press or in preparation. 
For all information, address 


Gauthier-Villars et Cie., 55, Quai des 
Grands-Augustins, Paris 


Roe, Smith and Reeve 
MATHEMATICS FOR AGRICULTURE AND 
ELEMENTARY SCIENCE 
The practical mathematics needed in elementary courses in 


the sciences, with emphasis upon the mathematics of agricul- 
ture and forestry. For the first year of college. $2.80 


McGiffert 
PLANE AND SOLID ANALYTIC GEOMETRY 


A new course for the first or second year in which the induc- 
tive method is used in building up the subject. Practical ap- 
plications stimulate the student’s interest. Nearly ready. 


Williams 
COLLEGE ALGEBRA 


A new treatment which trains the student in the mastery of 
ideas and the solution of general problems. $2.00 


Boston GINN AND COMPANY New York 


Chicago Atlanta Dallas Columbus San Francisco 


We Are the Sole AMERICAN AGENTS 
for 
BELL’S ADVANCED 
MATHEMATICAL SERIES 


First Course in Nomography by S. Brodetsky. Price $3.00 
Projective Vector Algebra by L. Silberstein. Price $1.75 
First Course in Statistics by D. Caradog Jones. Price $3.75 
Elementary Treatise wo Differential Equations and Their 


Application by H. T. H. Piaggio. Price $3.50 
Elementary Vector Analysis with Application to Barney | 
and Physics by C. E. Weatherburn. Price $3.50 


Advanced Vector Analysis by C. E. Weatherburn. Price $3.50 
Mathematical Theory of Limits by J. G. Leathem. Price $4.50 


Send for complete catalog 


THE OPEN COURT PUBLISHING COMPANY 
337 East Chicago Avenue, Chicago, Illinois 


Members of the American Mathematical Society will receive a 
discount of 25% on all of the publications listed below. The net prices 
to members are stated. 


Mathematische Annalen—Mathematische Zeitschrift 


One or two volumes of the ANNALEN, and two or three volumes 
of the ZEITSCHRIFT, appear each year. Each volume contains about 
800 pages. The net price to members is $12.75 per volume, plus 
postage. 


Die Grundlehren der mathematischen Wissenschaften 


This series is edited by R. Courant, assisted by W. Blaschke, and 
M. Born. Recent volumes are listed in this BULLETIN under New Publi- 
cations. The net price to members of recent volumes of about 300 
pages is $3.10, plus postage. 


Orders for books of the Courant series, for the ANNALEN, and for 
ZEITSCHRIFT, should be sent to the publisher, Julius Springer, Berlin, or 
his official agent, who is also an official agent for this Society: 


Hirschwaldsche Buchhandlung, Unter den Linden 68, Berlin 


Jahrbuch iiber die Fortschritte der Mathematik 


For recent issues, the net prices to members, including mailing, 
are: vol. 46 (1916-18), $17.05; vol. 47, Nos. 1-5, $9.80; vol. 48, Nos. 1-3, 
$6.70. Orders should be sent to 

L. Bieberbach, Marienbaderstr. 9, Berlin-Schmargendorf 
or to 
Walter de Gruyter & Co., Genthinerstr. 38, Berlin 


This firm publishes also CRELLE’Ss JOURNAL, the MINERvVA-ZEIT- 
SCHRIFT, and many other journals. 


Abhandlungen aus dem Mathematischen Seminar der 
Hamburgischen Universitat 
One volume of about 400 pages appears each year. The net price 


to members is $3.90, plus a mailing charge, if orders are sent to: 
B. G. Teubner, Publisher, Leipzig, Germany 
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SUGGESTIONS TO AUTHORS 


Much needless expense and many errors can be avoided. The 
editors of several mathematical journals have agreed upon the 
following suggestions. 


. Typewrite words and the very simplest formulas only. 

Do not try to typewrite any complex formulas. Write them. 

. Keep a copy, and send the editors two copies, if you can. 

. Do not underline any symbols or any formulas. 

. Underline theorems with blue pencil (avoid ink). 

. Follow our recent styles in abbreviations, footnotes, etc. 

. Write carefully the (often misunderstood) capitals C K P S V W X Z. 
. Write «, not «. Write very carefully y 7x Av rvx w. 

. Among Greek capitals, use only TAQ OS 

. Punctuate carefully, especially in formulas; thus: 1, 2,--- , m. 

. Use the solidus (/) to avoid fractions in solid lines. 

. Use fractional exponents to avoid root signs everywhere. 

. Use extra symbols to avoid complicated exponents. 

. In typewritten formulas, | means “one”; to indicate “ell” in formulas, back- 
space and overprint /; thus: J. may. O means “zero”; to indicate “cap O,” 
backspace and overprint period; thus: (©, 

15. Avoid a dash over a letter, except for those shown below. 
16. Some samples of unusual types available on monotype machines follow. A 
more complete list of all such types will be sent on request. 


Light Face Greek—a B y - - - (all) ABT’ - - - (all). 
* Light Greek Superiors—4 and * *7--- (all except « and o). 
* Light Greek Inferiors— azo and ag 7... (all except and 0). 
* Boldface Greek—a eC dwandQ. 
* Lightface 
UBSWEY 3. 
* Boldface German—d A B of 
Script (special fonte4 B - - - (all). No lower case manufactured. 
* Hebrew— N NS 33 se to handle. 
* Dashed Italics—A G 
* Tilda Italics—A 
Tilda Greek—a&énaa 
Dashed Greek—a By 5452550 
* Dotted Greek—7 7 66 (single dotted 5 B y; double 
dotted y readily-awailable). 


* Additional characters readily available at small cost. 
* Matrices for additional characters are made upon special orders and necessitate 
a delay of from four to eight weeks and average expense of $4.50 per matrix. 


OFFICIAL COMMUNICATIONS 


Meetings of the Society have been fixed at the following 
times and places: 


Cuicaco, April 6-7, 1928. 


Abstracts must be in the hands of Professor M. H. Ingraham, As- 
sociate Secretary of the Society, University of Wisconsin, Madison, 
Wis., not later than March 16. At the request of the Program Com- 
mittee, Professors E. P. Lane and E. B. Stouffer will read papers at 
. symposium entitled, Recent Developments in Projective Differential 

eometry. 


New Yorx Crry, April 6-7, 1928. 


Abstracts must be in the hands of the Secretary of the Society, 
Professor R. G. D. Richardson, 501 West 116th Street, New York City, 
not later than March 16. Professors J. W. Alexander, Marston Morse, 
— Solomon Lefschetz will read papers at a symposium on Analysis 

itus. 


Stanrorp University, California, April 7, 1928. (The San 
Francisco Section.) 


Abstracts must be in the hands of the Secretary of the Section, 
Professor B. A. Bernstein, Berkeley, California, not later than March 
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